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Abstract

The global well-posedness of the Boltzmann equation with initial data of large
amplitude has remained a long-standing open problem. In this paper, by developing
anewL; LI" L}, approach, we prove the global existence and uniqueness of
mild solutions to the Boltzmann equation in the whole space or torus for a class
of initial data with bounded velocity-weighted norm under some smallness
condition on theL1L! norm as well as defect mass, energy and entropy so that
the initial data allow large amplitude oscillations. Both the hard and soft potentials
with angular cut-off are considered, and the large time behavior of solutions in the
Ly norm with explicit rates of convergence are also studied.
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1. Introduction

In this paper, we consider the Boltzmann equation
Fi+ va#F = Q(F, F), (1.2)

whereF(t, x,v) $ 0 is the density distribution function for the gas particles with
positionx %! = R2or T2 and velocityv %R at timet > 0. The Boltzmann
collision termQ(F, F) on the right is debned in terms of the bilinear form

b

Q(Fy, ) & B(v' u,") F1(u)Fa(v() d#du
RF SF

- .32 B(v' u,")Fi(u)Fz(v) d#du
R3
= Q+(F1, )" Q (F1, F), (1.2)

where the relationship between the post-collison velagifyu() of two particles
with the pre-collision velocityv, u) is given by

ul= u+[(v' uwarly, vi=v'[ (v' u)a#l#,

for # % S?, which can be determined by conservation laws of momentum and
energy:

ul+ vi= u+ vy, |u(|2+|v(|2 =|ul®+| V|~
The Boltzmann collision kerné8 = B(v' u,") in (1.2) depends only ofv' u|
and" withcos" = (v' u)&# |v' u|. Throughout this paper, we consider both the
hard and soft potentials under the GradOs angular cut-off assumption, for instance,

B(v' u,") =[v' ul®b("), (1.3)
with
"3<$) 1 0) b(")) C|cos"|
for a postive constar® > 0. We consider the Boltzmann equatidn) with the

following initial data
F(t, X,V)|t=0 = Fo(X, V). (1.4)
To look for a solutionF(t, x, v) to the Cauchy probleml(1) and (.4), let us
take a reference global Maxwellian
" #
1 vl
M(v) = 7 EXp o
(2%}
which is normalized to have unit density, zero bulk velocity and unit temperature.
Formally, as introduced irLf], F(t, X, v) satisPes the conservations laws of defect
mass, momentum, energy:
[ Il
(F(t,x,v) " u(v)) dvdx = (Fo(x,v) " u(v)) dvdx := Mo,
R3 I RS

(1.5)
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V(F(t, %,v) " p(v)) dvdx = V(Fo(x,v) ' (V) dvdx = Jo,
| RS ! RS
Lo Lo (16)
IVI2(F(t, x,v) " u(v)) dvdx = IVI2(Fo(x,v) " p(v)) dvdx := Eo,
| RS ! RS
1.7)
as well as the inequality of defect entropy
thos %
F(t,x,v)InF(t,x,v) " p(v) Inp(v) dvdx
R $ %
) FolnFo' p(v) Inp(v) dvdx. (1.8)
! RS
By debning
blos %
E(F(t)) := F(t,x,v)InF(t,x,v)" pinp dvdx
g R .

3 1
+ —In(2%) 1 Mg+ =Eo,
> (2%) o+ 5Eo

it follows by a direct calculation that
E(F(t)) $ 0

for all t $ 0. Note, in particular, thaE(Fg) $ 0 holds true for any function
Fo(x,v) $ 0.

The Boltzmann equation is a fundamental model in the collisional kinetic the-
ory, and there is an enormous literature on its well-posedness theorieg,arid[
[27] and the references therein. Among these works we mention some only in the
spatially inhomogeneous framework; for the spatially homogenous Boltzmann e-
guation, interested readers may refeCarleman [4] as well as the recent work
[21] and references therein. For general initial datd_in framework, the local
existence and uniqueness was brstly investigateldamjel andShinbrot [18]
and the global existence was later obtainedllmgr andShinbrot [17] under
additional smallness assumption on velocity weightédnorm. It is well known
that for general initial data with Pnite mass, energy and entropy, the global existence
of renormalized solutions was proved ByPerna andLions [7]; the uniqueness
of such solutions, however, is unknown. Moreover, the convergence of a class of
large amplitude solutions toward the global Maxwellian with an explicit almost
exponential rate in large time was also obtainedd®gvillettes and Villani
[8] conditionally under some assumptions on smoothness and polynomial moment
bounds of the solutions. The result has been recently improv&iibidani et al.
[12] to derive a sharp exponential time rate by developing an abstract semigroup
theory for linear operators which are non-symmetric in some Banach spaces.

On the other hand, in the perturbation framework, i.e., for the case when the so-
lution is sufpciently close to a global Maxwellian in some sense, due to the extensive
study of the linearized operato&(ad [11], Ellis andPinsky [9], and Baranger
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andMouhot [1], for instance), the well-posedness theory of the Boltzmann equa-
tion is indeed well established in different kinds of settings since the pioneering
work by Ukai [24]. For instance, the energy method in smooth Sobolev spaces was
developed irGuo [13] andLiu et al. 20]. AnotherL2" L' approach was found

by Guo [14,15] even for treating the Boltzmann equation on a general bounded
domain. Note that for the hard sphere model in the torus case, a non-symmetric
energy method was also developedid][to obtain the asymptotic stability of so-
lutions to the global Maxwellian with a sharp exponential time rate for initial data
Fo(x, V) such that/y' p is small enough in.iL} ((1+]v])¥) with somek > 2;

see also the recent worR][for an investigation of the Boltzmann equation on the
bounded domain in a similar functional setting. We also refer the interested reader
to [16] for the issue of the macroscopic regularity of Boltzmann equation.

We remark that in those works in the perturbation framework mentioned above,
initial data are required to have small amplitude around the global Maxwellian. To
the best of our knowledge, the global existence and uniqueness problem of solutions
to the Boltzmann equation with initial data of large amplitude still remains open.
The purpose of this paper is to develod.g LL " L}, method for the well-
posedness theory of the Boltzmann equation when initial data are allowed to have
large amplitude. Precisely speaking, we prove the global existence and uniqueness
of solutions to the Boltzmann equation in the whole space or torus when

Fo' W %Ly, ((1+|v)u ¥?)
with some& > maxX3, 3+ $} satisfying an additional smallness condition that
E(Fo) +* Fo' W™ L1y (w v2)

is small enough. In particular, initial data can have large amplitude oscillations.
Note that the result is valid for the full range of both the soft and hard potentials,
i.e.,' 3<$ ) 1. Moreover, inthe torus case, we also show that the solutions tend
to the global Maxwellian with exponential convergence rates for the hard potentials
and with algebraical rate for the soft potentials.

Now we begin to formulate the main results of the paper. A4t jwe debne
a weight function

we(v) = (1+|v[3)Z,

and look for solutions in the form

F(t,x,v) " J(v)
—+—W .
The Boltzmann equatiori(l) is then rewritten as

f(t,x,v) =

fo+ Vathf+ LE="(f f) (1.9)

where the linearised term is given by
$ %

+ _ + _
Lf=((v)f" Kf=" Ql,  uf)+ Q( ufw ,

'CITH
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with K := Ky' K3 debned (cf.§]) as
ol

(Kif)(v) = - B(v' u,")(u(v)u( u) f (u) d#du,
1R

(K2f)(v) = 2 B(v' u,")( u(up(ul f(v9 d#du,
RS

. B(v' u,")( H(u)p(v O f (u) d#du,
IS

((v) = B(v' u,")u(u)d#du, (1+]v])®,
RS &

and the nonlinear term is given by
. 1 +_
(f,f):= +—HQ( Hf, pf)
1 +_ +_, ., 1 +_ o+ _
=+—HQ+( pf, uf) 4—HQ( pf, pf)
= (f, ) (f, f).
Then, from (.9), the mild form of the Boltzmann equation is given by
1 ! t 1 1
fit,x,v) = e Mtx' vt,v)+ e MO KE) (s x' v(t' s),v)ds
0

|

ot

+ e TS f fys x' v(t' s),v)ds (1.10)
0

fort $ 0,x %! ,v %R3.
The brst result of this paper is stated as follows:

Theorem 1.1.(Global existencellet! = T3or R3. For given& > max3, 3+ $},
M $ 1, suppose the initial datagsatisbes f{x,v) = pu(v) + pv) fo(x,v) $ 0
and*wg fo* Lt ) M. Then there is a small constang > 0depending oi$, &, ¥
such that if

E(Fo) +* fo* L1, ) Do, (1.11)
the Boltzmann equatioll.1), (1.3), (1.4 has a global unique mild solution
F(t,x,v) = p(v) + p(v) f(t, x,v) $ Osatisfying(1.58(1.8) and

*we f(t)*L ) C1M?,

whereC; depends only o, & Moreover, if the initial data ¢ is continuous in
(x,v) %! - RS, then the solution t, x, V) is continuous if0,! )- ! - RS

Remark 1.2. It should be pointed out that initial data satisfying the smallness con-
dition (1.12) are allowed to have large amplitude oscillations in spatial variable.
For instance, one may take

*o(X) .+ v?
ol Ze 2
(2%}

FO(X,V) = *O(X)L‘l = ’ (X,V) %I - ng



380 Renjun Duan et al.

with *o(x) $ 0,*0 %L} ,*o' 1%L} and*gln* o' *o+ 19%LL. Then, itis
straightforward to ver|fy thatl( 1]) holds if**gIn*g"' *o+ 1* Lyt ¢ *o' 1F L1
is small. Even though*gln*g' *o+ 1* 1+**o" 1* L1 is requwed to be small
initial data are allowed to have large amplitude oscillations.

Remark 1.3. From the proof of Theorert.1 later on, by the same argument, the
smallness conditionl(11) can be relaxed to

E(Fo) + sup e MY fy(x' vt,v)|dv) )o,
(t,x)%F1,! )-1 RS

wheret; := (8C4[1+* wg fo* 11 ])' 1 is debned in PropositioR 1 later on.

Remark 1.4.Under the assumptions of Theoreh, and further let& suitably
large. Letthe initial datdg(x, v) %CL(! - R%)and*we#x fo* L1 +* wa#y fo* !

2 2
< +! , then the Boltzmann solutiof(t, x, v) obtained in Theorern.1 satisbes
f(t,x,v) %CYR+ - ! - R%and

*W%#xf(t)*L’ "'*W%#vf(t)*L! ) exp{C(D)},

whereC(t) > 0 is a continuous function df > 0, and depends only o and
*wetty fo* Lt +*we#y fo* ! . It should be pointed out that the above regularity
resfjlt can be provefj by using similar arguments as in the proof of Propagifion
in the appendix and Gronwall inequality.

It follows immediately from Theorert.1that even if initial density o(x) :=
r3 Fo(X, v)dv contains vacuum, then the macroscopic density function

[
*(t,x) = F(t, x,v) dv
R3

must have uniformly positive lower bound in Pnite time. Indeed, one has

Corollary 1.5. (Positive lower bound of densityynder the same conditions of
Theoreml. 1, there exists a positive timg ® 0 such that
x|

0 U=F [FE XY aWIavE)
R3

forallt $ Toand x%! .

Moreover, for the global solutions obtained in Theorerhwith ! = T3, one
can further obtain the explicit rates of convergence of solutioh4 in Therefore, it
shows that even if initial daté(x, v) could be large m_xv, the solutionf (t, x,v)
must tend to zero as time goes to inPnity. In fact, one has
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Theorem 1.6.(Decay estimate for hard potentials3t! = T3,0) $) 1, and
& > maxX3,3+ $}. Assumg Mo, Jo, Eg) = (0,0,0), and)g > 0 sufbciently
small, then there exists a positive constamt> 0 such that the solution (t, x, v)
obtained in Theorert.1 satispes

*wg f(t) L1 ) Gre ™o, (1.12)

forallt $ O, whereC, > 0is a positive constant depending only on the initial
data.

Theorem 1.7.(Decay estimate for soft potentialst! = T3,' 3<$ < 0, and

& $ max3, 4+ |$[}. Let, be any given positive constant such tha (0, 3).
AssuméMo, Jo, Eg) = (0,0, 0), and) > 0is sufbciently small, then the solution
f(t, x,v) obtained in Theorert.1 satisbes

“E()*L ) Gad+t) TRt (1.13)

forallt $ O, whereC3 > 0is a positive constant depending only on the initial
data.

Now we explain the strategy of the proof of the above main results. As mentioned
before, the only global existence of large-data solutions to the Boltzmann equation
is due toDiPerna and Lions [7] by the weak compactness argument, but the
uniqueness of these renormalized solutions is completely open due to the lack
of L' a priori estimates. Indeed, it is difbcult to establish the glabalbound
for the solutions of Boltzmann equations due to the nonlinear terfiy f)(t). In
those aforementioned referencéd,[L5,19,22,25], one usually has to estimate the
nonlinear term in the following way:

lwe(v)'( f, F)(D)]) C((v)*we ()T,

so that the smallness assumption onlthe-norm is necessarily required.

To remove the above smallness assumption orl.thenorm, we need a new
idea to control the nonlinear terth f, ). For this, we Prstly establish a new
estimate for the nonlinear term (see Leménabelow), i.e., for& $ 3,

; : o . a
we(V)'( f, F)(T, x,v)*) C((v)*w&f(t)*f! 2a , [ f(t,x,u)|du
R

jor some 0< a < 1. Secondly, under the conditiod.(1), we observe that

ra | f(t, X, u)|du could be small after some positive time, even if it could be ini-
tially large due to the hyperbolicity of the Boltzmann equation. This observation
is the key point of this paper to control the nonlinear tégnf, f). In such way,
through careful analysis one can Pnally obtain the following uniform estimate

sup *wg f(s)*Lr ) CM?,
0)s)t

under smallness df f (t)* LL L uniformly for allt $ t; with somet; > 0. In the
whole proof, we shall use only the smallnes£¢Fg) + * fo* LiL, SO that initial
data are allowed to have large amplitude oscillations.



382 Renjun Duan et al.

The paper is organized as follows. In Sect®we introduce the local existence
of solutions to the Boltzmann equation and list some properties on the kernel of
linearized operator, and the detailed proofs can be found in appendix. In S&ction
we develop the.} L{" L}, estimate to prove the main Theordni The time-
decay estimates of the Boltzmann equation on torus are established in Section

Notations. Throughout this pape denotes a generic positive constant which
may depend o1$, & and vary from line to lineC,, Cp, ... denote the generic
positive constants depending anb, .. ., respectively, which also may vary from
line to line.* & * 2 denotes the standatcP(! - RZ)-norm, and*a*_: denotes
thel' (! - RZ)-norm.

2. Preliminaries

As mentioned beforé{aniel EShinbrot [18] investigated the local existence
and uniqueness of solutions to the Boltzmann equation for large initial data around
vacuum. Though, to prove Theorell, we need to bgure out more quantitative
properties of the local existence regarding the lifespan of the locasolution in
terms of theL! bound of initial data. Therefore, we would give a representation of
the local existence and uniqueness of solutions to the Boltzmann equation applicable
for the globalL' estimates in our own setting. The proof of the following result
will be given in the appendix.

Proposition 2.1.(Logal existencelet! = T3orR3,'3<$ ) 1,& > 3
Fo(x,v) = u(v) + p(v) fo(x,v) $ 0and*wfp*: < ! , then there exists a
positive time

tg ;= (8C4[1+* wefo*r ]) 1> 0, (2.1)

such that the Boltzmann equatifih1), (1.3), (1.4) has a unique solution &, X, v)
= u(v) + plv) f(t, x,v) $ 0satisfying

sup *wg f(t)*r ) 2*wg fo*! ,
0)t) tg

where the positive constaiy $ 1 depending only o, & Moreover, the con-
servations of defect mass, momentum, en€rdEX1.7) as well as the additional
defect entropy inequalitfl.8) hold. Finally, if initial data ) are continuous, then
the solution {t, x, v) is continuous if0, t]- ! - RS.

For later use, we list the following result on the operdtgrhose proof will be
given in the appendix. Interested readers may also refé; 1@][for more detalils.

Lemma2.2.For' 3<$ ) 1,the following GradOs estimates hold
! !

Kif(v) = - ki(v,-) f(-) d-, Kaf(v) = - ka(v,-) f() dv,
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where k(v,-) and k(v,-) satisfy

Coe M2
0) ki(v,-) = v’ -|’e 4e 4,

and

C BRI SO T
0) ka(v,-) ) %e e v P, (2.2)
c3R

v -l
where @ > 0is a given constant, andgCs a constant depending only &

Remark 2.3. Note that the upper bound i.Q) is not optimal, but it is enough for
the use of the later proof. Moreover, we will not make any effort on the optimal
estimates related ti§ in order to show Theorerh.1

From Lemma2.2, one has that

: ' s %
Kf=  k(v,-) f() d- = ko(v,) ' Ka(v,) () d-,
R3 R3
with
CMR PR C C v R W22
k) 1) alv' -fe Fe e e Frte W L (23
v' -]z

By the same calculations as i& [L0], it is straightforward to check that for $ 0,
| * *
W, a3y ceae vy L 2.4)
3 w_(-)

In order to deal with difpculties in the case of the soft potentials, a&3nfe
introduce a smooth cutoff function)0/ ;) 1 withO< m) 1 such that

R

I'm(s)=1fors) m, /[ m(s)= 0 fors$ 2m.
Then we debne
| |
. H (
(KMg)(v) = " $25(V' u") m(v' u) p(uypul) fv0 dédu

b BW U v o) RCDROD (Y dH
!R3!52

B(v' u") m(lv’ UI)( H(V)p( u) f(u) d#du
R3 &
= KO (v) " K f(v),

and
Ke=K' KM (2.5)

The following result orkK ™ andK ¢ can be regarded as a rebned versior28f [
Lemma 1], and its proof can be found in the appendix:
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Lemma2.4.Let' 3<$ ) 1,thenitholds that

(K™g)W)|) Cn®*Se Hege, | (2.6)

and I
(Ke)v) = _1(v,~) 9(-) d-.
R3
Here the kernel(v, -) satispesthatfod) a) 1,

I Cema®’ 1) 1 R ||vl|;3| »_||2|2
[1(v,-) 1) _|1+@(l' $) (1+|v]+]|-aT $)e e
L pse We b
+ C|v [’e +e , (2.7)

where G is a constant depending only @& It is worth to point out that  is
uniformin a% P, 1].

Since the constar®g in (2.7) does not depend oa % P, 1], we have the
following estimates on(v,-) from LemmaZ2.4 by takinga = 1 anda = 0,
respectively:

Lemma 2.5.Let' 3<$ ) 1, both the following two bounds ofi| v) hold:

Cem?® 1 D o2 v -1?? L 2
M D e TpEse T e @ T+ Ol [P Fe T
(2.8)
and
C VIR Y I M2 L 2
v, ) —2 e “n-e 1@ -F +Ccpn' -Pe Fe . (29

3s
v' -1z

Moreover, it holds that
!

3:1(V, -) éW_(V)Id_) C$m$' 1(l+|vl)$' 2+ C$e' #) C($)m$' 1 ((V)

] . @+ V)2’
(2.10)
arlld
AW A% M) e vy T cse ) cs@ivy L 211
R3 w. (-)

where. $ 0is an arbitrary positive constant.

Remark 2.6.Indeed, the estimat@ (9) and @.11) are the same as the ones3)

and @.4). On the other hand, the estimat@s3f and .10 imply that one can get
more decay with respect tg but at the cost of growth with respect to the parameter
%. All these properties will be used later.

Motivated byGuo [15], we have the following lemma which will be used later.
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Lemma 2.7.[15] Let F(t, x, v) satisfy(1.5), (1.7) and the additional defect entropy
inequality(1.8), then it holds that

[F(tx,v) " p(v) 2

IR @xv) ) l) p) ydvdx

Ry, AUV)
rr
+ IRt X, v) " B 1R xy) pv) 18 pev) yavdx
;o R34 2 .
C 3 1
) FolnFo' pInpdvdx + Eln(Z%)' 1 Mo+ EEO: E(Fo).
| R3

(2.12)

Proof. By Taylor expansion, we have
1
FOINF@O) " pinp= 1+ Inp[F()" p]+ Z—F_IF(t)‘ ul?,

whereF is betweerF (t) andu. Noting 1+ Inp =] %In(Z%)' 1" %Ivlz,we
have
[

' 1
! geBQ_F*
[F(t)InF(t)' W Inp]dvdx

lo R3 \

&3 Pl

+ 5In(2%) 1 [F(t)"' p]dvdx
I ! R3

[F(t)" p|?dvdx

IVIP[F ()" m]dvdx
R3

NI =
=N

+

Pt &, ' .

) [FolnFo' pinpldvdx + EIn(2%)' 1 Mg+ EEo, (2.13)
R3

where we have used ), (1.7) and (.8) in the last inequality. We note thHE '
u| $ p yields thatF $ 2u or F = 0, thus we have
L

FT $§1

which, together with Z.13), yields @.12. Therefore, the proof of this lemma is
completed. /

3. Global Estimates

In order to prove the global existence of solutions to the Boltzmann equation,
it sufbces to get uniform estimates on solutions since one has already obtained in
Proposition2.1 the local existence of unique solutions to the Boltzmann equation
with possibly large initial data. In this section, we devote ourselves to establish the
global uniform estimate for the obtained solutions to the Boltzmann equation.
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3.1. Weighted L -Estimate
Debne
h(t, x,Vv) = wg(Vv) f(t, X, V).
Multiplying (1.9) by wg(Vv), one gets that
hi + va#h+ ((v)h' Kygh ="y (h h), (3.1)

where

+ h > + h + h
(Kwgh) = we(v) v (V) = we(v) me—& (V) + wg(v) KCVT& (v)

= Kggh+ K h,

and

#
h h
" we (N, h) = wg(v)' e e

& ey =

, h h'™, , h h

= wg(V)' + W' Wa we (V)" Wa' Wa

&we(V)'( f, f) = we(v) +(f, )" we(v) - (f, ). (3.2)

Then the mild solution 0f3.1) can be written as
' ! t ' ' + !
hit, x,v) =e Mtho(x' vt,v)+ e (9 KMh (sx' v(t' s),v)ds
P . N (,)
+ e TS ke h (s,x' v(t' s),v)ds
0
!

RO I( we(h, N)(s,x" v(t' s),v)ds. (3-3)
0

Firstly, we give estimates on the nonlinear tetmf, f).

Lemma3.1l.Let' 3<$ ) 1. For. $ O, itholds that
. apr1 +!
W () (F, £)(s Y, W)I) Cs((v)*w. f(s)*1r a*f(s)* " & Rglf(s, y, u)| du

4p+1 +! p1l

Ofw (0 +(1, (s, YWD Cs(@) "W, f(9"0 awy (97" & If(sy,wldu ™

, B L
5p

(3.4)

where p> 1lis debPned irf3.6).
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Proof. Itis noted that

* * |

WO (s YY) Cw fer e vl (s, v, ) du.
R3
(3.5)
To estimate the integration term on the RHS 85, we choose
3+ %
=1+ for' 3<$) 1, 3.6
P= 1% 2o e ) (36)
which yields that
9 _p $' 3, .
1< p) 3’ po-—p.—1$9, pP——> 3, p$>'3 (3.7)

Then it follows from B.5), (3.7) and HSlder inequality that

W) (F, (s y.v)*
+! ( 14! ( b v L
) C*w, f(s)*L! v ulP® p(udu ? w(wlf(s, y, w7 tdu  °
R3 R3

+! p 1

) Cs(w fe 1Ty, W|wIdu

4p+1+! ,p1

) Cs((v)*w, f(s)*1r * ()" 7° Rg)If(S, y, u)|du é’p- (3.8)
Next, we consider the gain term which needs much more care. We note that
VIZ) | ufZ+ V2,
which yields
either %|v|2)| u|? or %|v|2)| V(2.

Hence one obtains that

) (D6 yis W o Fr T Es )t
' o W > X

) w () B U ISy, U (s, y, a8, . dud
R 2 *2|V| N

*
*

+w (V) o Bv' u,") p(u)*f(s,y,ud)f(s, y’v()*l$%IVI2)I V(lz"/‘dud#

o R "

) C . B(v" u,")( LA, (U0 £ (s, v, u) (s, y, vO*duds
R 3 * *
+C o B(v' u,")( LW (s, y, uYw (vO) £ (s, v, vO)*duds

R3

=1+ I (3.9)
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To estimate 1, as in P,10], we use the change of variables

z=Uu'v, z=[za&#]#, z1=2" 2, - =V+ 2. (3.10)

Then it holds that

ul= v+ 71, vi= v+ z, (3.11)
and
Bv' u")) Clal(zl+|z)® ™. (3.12)
Hence it follows from 8.6), (3.7), (3.10 and @.11) that
v (3 :
l1=C Bv' u,") p(uyw, (ud) f(s,y, ud) (s, y, vO*dud#
R3 &2
+! ( , 1
) C*w. f(s)*L v' ulP® p(uydu ?
o R ,
— (1521 -
H(W)[ f (s, y, V)| P Tdud#
+! ! , |V+Z|+21|2 p 1 L
) Cs((v)*w. f(s)* e 2 |f(sy,v+2z)|7idzd# °
N )
1 1+l N s
) Cs((v)*w. f(s)*L! —e 4 |f(sy,-) [P tdz; d-
'R3 Z1 |- Vl .
+: "4 4 1
1+]- gt
) Co()w, f(gr D Ty s T
R3 [-' v|2

4! ,

[

sp B
(L+[-D* (s y,-) |7 2d-
R3

4p+1+! p 1

) Cs(()*w, F()* L *(1+]- ) £(9, 7 LGyl 7

4p+l+! p 1l

) Co(W) w90 "wyf(e* 7 1f(siy.0) d

where in the last inequality, we have used the fact ﬁ% ) % On the other
hand, it is noted that by a rotation, one obtains the interchangéafdu(, and
thenl, can be changed to a form similar ktp. Hence, forl,, one can also obtain
the same estimate as above. Thus one can get that

* *

w_ (V) 4 (f, F)(s Y, v)*

| \
4pr1+- p1

) Cs(O) W I L Wy f(97 P Iy )ld T (319

Then @B.4) follows from 3.8 and @.13. The proof of Lemma3.1 is
completed. [/
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Lemma 3.2.Let& > 3and' 3<$ ) 1,thenitholds that

$ ( %
sup *h(s)*Lt ) Cp *hg*Lt +*ho*? +  E(Fo) + E(Fo)
0)s)t 1 5
opr1+! B
+Cy  sup *h(s)* P [f(s,y,-)|d- >
t1) s) t, y% R3
(3.14)

where the positive constantyCh 1 depends only o#, &, the lifespant > O is
debned iff2.1), and p> 1is debned iff3.6).

Proof. It follows from (3.3) that

[ *4 *

t * 1 *
It x 1) & @tehorr + e O 9 KEh (s, x vit' ). v)*ds
Po o m X
+ e M9 KE h (s,x' v(t' s),v)*ds

0

| * *

t L *
+ e (W(t S)*(- wg(h, h))(s, x" v(t' s),v)*ds
0
= @bhge + 3+ B+ &

Using @.6), one gets that
Pt A ;
J= e U Dwpev) KM™F (s,x" v(t' s),v)*ds
0 !
by . e
) Cm*$ e (O Iy )e Hox f(s)rL: ds
0

' V2
) cm* e 56 sup * f(s)*L . (3.15)
0) s) t

For Js, it follows from (3.2) and @.4) that for& $ 1/2,
I

ot
k= e 9 (hh)(sx" v(t' s),v)|ds
0 1 | 2

opr1it: y B
) C sup  *h(s)*.” (s, y,-)|d- P . (3.16)
0) s)t, y% R3

Letlw, (v, v() be the corresponding kernel associated Wff), . then we have
that

We (V)
we(v()’
which together with2.10 and @.11), yield that

| * *
X (e g1 (V)
R3*1W&(v,v) dvt) Cgm —(1+|v|)2

g (v, v0) = 1(v,v)

| * *
and A (v, vOrav() Cg(1+v]) L.

R3
(3.17)
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For Jp, denoting%:= x' v(t' s), we note that
] ]

. !
) e S (v, vOh(s, ¥, vO)|dvids,
0 R3

To bound the above term, similar as b[26], we use 8.3) again to get that
| |
Py !
B)* horpr @ S (v, v0)|dvids
! 0 ! RS
Iy !
+ e (M(t 9 |IW&(V,V()|
0 R3

S + ]
- e (O o) Kih (0% v{(s' 0),v()|dodvids

10, !
+ e ((ts) [lwg (v, VO
10 RS
)
- e WSO L (h )0, %' Vi(s' 0),v0)|dodvids

1 0 Lo

t !
G e (v, VO lwg (Vv
!0 3 R3

S
- e WS O, % viis' 0),v|dodvidvids
0

= ot Joot Izt Joa (3.18)
It follows from (3.16) and @.17) that, for& $ 2,
1 + opr1+! » B, 2
Bi+ Bs) C *hg + sup - *h(s)* T [f(sy,)d T
R

0) s) t, y%
. !
- e ()(t's) ||W&(V,V()|dv(dS
0 1 R3 2
, + opr1+!
) Cm® L *hg*ir +  sup  *h(9)* " [f(s y,-) ld-
0)s)t, y% R3

,%1,

For Jp2, using @3.15, one has that
1 1

i !
Jp) Co¥*S sup*f(e)r e @9 1 v, vle 2MPavids
0) s)t 0 R3
) Cm*® sup *f(s)*Lr ,
0)s)t
where we have used the fact that
!

' . v2
||W&(V1V()|e 2ibl\/(lzdv( ) Ce %:
R3

which follows from .9) and similar arguments as if()].
We now concentrate on the last tetly on the RHS of 8.18. As in [15], we
divide it into the following several cases.
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Case 1For|v|$ N, it foIIows from (3. 17) that

ﬂW&<v vt cntl,

which yields immediately that
| |
I !
Jos4) Cm sup *h(s)*r e 9 1 (v, v
0) s) t 0 R3

C e WY 0) ((‘l’ )I d0dv(ds
0

Cm
— sup *h(s)*.! .
) NzO)s)pt ()L

Case 2For eitherv] ) N, |[v(|$ 2N or|v(|) 2N, |v{{$ 3N. Itis noted that
we have eithefv' v(|$ Nor|v(* v $ N, and either one of the following is

valid
2% 2
llwe (v, vO]) Ce 20*IW&(V vOe 2 %,
* (3.19)
V(2
g VSV O) CE 50 M, (v, V(G20 :
From @.8), a direct calculation shows that
| * *
o v V(2% (V)
e (v, Ve 20 vl ,
g 0TI G T
ok ¢ (2 * (
(VO3 o (VD
Hye (VY v)e 20 *dvt) Cm(1+|v(|)2' (3.20)
Then it follows from 3.19D@.20 that
L ! %
e (M9 + g (V. VO lwg (v, v

0 | [v]) N,|v($2N V() 2N,|v(($ 3N

S
e (V9 Do, %' vi(s' 0), v(§|dodviavds

, 2
) Cme £ sup *h(s)*L! .
09t

Case3|v|) N, |v{) 2N, |[v(]) 3N. Thisisthe last remaining case. Itis noted

that
! !

t
e ((t'9) g (v, VOlwg (VG VO
o, V() 2N, Jv(() 3N
S
- e WS O, % viis' 0),v{h|dodvidvids
1 0 !
Ly !
) e s e (V, VOl (v, v O

0 Iv() 2N, v(() 3N
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S
] e (96 O, %' vis' 0),v|dodvidv(ds

st I
1, !
+ e (Mt 9) ||W&(V,V()|W&(V(,V(()|
0 V() 2N, [v({) 3N
81
- e (96 0o, % vis' 0),v(§|dodviav(@s. (3.21)
0

Using @3.17), we can bound the brst term on the RHS 32() by
'y ‘ ‘
Cml sup *h(s)*1: € T 9(v)ds) Cml sup *h(s)*: .  (3.22)
0)s)t 0 0) s) t
Now we estimate the second term on the RHS32Y). Sincelw&(v,v() has
a possible singularity Ofvv—l\,r' we choose a smooth compact support function
In(v,v() such that
! * * C
sup Awe (P VO " In(p vrvl) T2 (3.23)
Ip) 3N V() 3N N

Noting
+ 1
lwg (Vs VOlwg VOV = 1 (v, vO T I (v, vO) Ty (VG v

+ i
+ L VOV TGV Ty v, v+ In (v, vOIy (v v,
(3.24)

and then using3.23 and @.24), we can bound the second term on the RHS of
(3.21) by
! t ! s1
Smosuprh(gre 6 AT T g WO Odogs
N"g gt 0 0
! | 2
- sup e (V6 vOlavC+ sup lIn (v, vOdve
| V() 2N v 3N V) N v() 2N

‘ [
+ e (Mt 9) [In (v, vOIN (v v O
0 Iv(l) 2N, |v(q) 3N
TSl
. e (96 0o, % vis' 0),v(§|dodviav(ds
0
C
) == sup *h(s)*_
N g gt
! t! s'1
+CNm e ON(t' g on(s' 0)
| 00

- Ih(0,%' v{s' 0),v{]dvidv(dods, (3.25)
V() 2N, |v(() 3N
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where we have used the facts thatv, vOIn (v(, v() is bounded and
((v) $ cy forfv]) N, and((v)$ cy for [v() 2N.

It follows from (2.12) and HSlder inequality that
!

[h(0,%" v{(s' 0),v(|dviav(
Iv() 2N, [v(() 3N

= Cn,m
V() 2N, V() 3N
FO,%' v(s' 0),v)" p(v(
= : n(v )“) LB 006 s oraty v vgpavian

|
+ Cnym IFO,%" Vs 0),v" pe )
V() 2N, v(() 3N
- gROx% vis 0 i (s e (paviav(C
3|
1+ (s’ 0) IFO,y.vO" uv >

(s' 0)F 1 MyaN u(v
2

) CN,m

NI=

- ROy p O e gyavdy

1+ (s' 0)°

*ONm T o

I
- IFO,y, VO uv OlgR©yv pw s u Gpavidy

1 v()) 3N
"0y "0y
) cN,m%( E(Fo) + cN,m%E(FO), (3.26)

where we have made a change of variabte x' v{(s' 0). From 3.26), we can
bound the second term on the RHS 8f25 as follows:
-
Cn.m e ON(t' S)g on(s 0)
I 0O 0

- Ih(0, %' v{s' 0),v(|dvidv{dods
[v()) 2N,Jv(() 3N

) Cml 2 E(Fo)+ Cnml 3E(Fo). (3.27)

Combining 8.27), (3.29, (3.22 and @.21), one gets that
] ]

el ((V)(t" s | V,V( | V(,V((
llwe (V> V)lwe (V, VI
1 V) 2N, V(G) 3N

S
e (V06 Ojho, %' vis' 0),v()|dodviavds
0

0
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" #
1 s
) Cm 1+ — sup*h(s)*r + Cnml 2
N g9t

Therefore, collecting all the above estimates, we have established that for any
1> 0andlargeN $ 1,

E(Fo) + Cn,m1 3E(Fo).

+
C ’

sup *h(s)*! ) Cm*ho*Lr + C m*®+ Cpl+ == & sup *h(s)*L
0) 9t N oot

1 2
9p+1+! ) Ps'l
+Cm sup  *h(s)* P [f(s,y,-)|d- ™°

0) s)t, y% R3

+ Cnyml 2 E(Fo) + Cnyml 3E(Fo).
Noting 3+ $ > 0, brst choosingn small, thenl small, and bnally lettindN be
sufbciently large so th@ m**$+ Cpl+ S ) 1, one obtains thatfo $ 1,

$ (___ %
sup *h(s)*Lt ) C *ho*t + E(Fo) + E(Fo)
0)s)t
1 | 2
9p+1+ , b1
5p 5p
+C sup  *h(9)*,] [f(s,y,-)|d-
0)s)t, y% R3
(3.28)
Using Propositior2.1, one has that fo& > 3,
1 9p+l+! , B 12
sup  *h(s)* " [f(s.y,-) ld-
0) s) t1, y%4 R3
) C sup *h(s)*?, ) C*hg*?, . (3.29)
0)s) t1
Substituting 8.29 into (%.2&, one gets that fo& > 3, %
(____ ()
sup *h(s)*1t ) Ci *ho*Lt +*ho*?i +  E(Fo) + E(Fo)
0)s)t
1 I 2
gp+1+- , p51
+C1 sup  *h(s)*”’ [f(s y,-)|d- *°
t1) s) t, y%8 R3

which yields immediately3.14), where the positive consta@y depends only on
$, & Thus the proof of Lemma.2is completed. [
3.2. L Ll Estimate
In this subsection, we Willlconcentrate on the estimate of
| f(t, X, Vv)|dv.
R3

If E(Fo) +* fo* LiL} is small,\due to the hyperbolicity of the Boltzmann equation
one should be able to shoy thag | f (t, x, v)|dv is small fort $ t;, even though it
could be initially large, i.e., g3 | fo(X, v)|dv is large. Indeed, we have the following
lemma which plays a key role in this paper.
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Lemma 3.3.Let' 3<$ ) land& > maxs3, 3+ $}, then it holds that
1 ]

| f(t, x,Vv)|dv) e Y fe(x" vt,v)|dv
R3 R3 (
+ Cnl 3 E(Fo)+ Cn1 3E(Fo)
T e 4 1 1

+C M+ Cpl+ —+ —a
& 3
$ N N%;

- sup *h(s)*.t +*h(s)*Z,

0) s)t

-

+( 1= 1+ 1

'3 P 4 * * P

+ Cn1 E(Fo) + E(Fo) asup *h(s)* . °,
0) 9t

(3.30)

wherel > 0,m> Oand N$ 1are to be chosen later. Recall thatp 1 is debned
in (3.6).

Proof. It follows from (1.10 and @.5) that
!
| f(t, x,v)|dv
RS |

) e Y fe(x" vt,v)|dv
3

i s x
+ e (U 9O KMe)(s x' v(t' s),v)*dvds
10 R * *
' i * *
+ e (T 9(Kef)(s,x' v(t' s),v)*dvds
10 R3 % *
n e (U 9w £ £)(s x" v(t' s),v)*dvds
| 0 R
= R3é (Mt fo(x* vt,v)|dv+ Hi+ Ho+ Ha. (3.31)

For Hy, it follows from (2.6) that
.

t . . L2
Hi) cm®® sup * f(s)*1 e (Wt 9¢ Y5 gyds
09t 0 RS

) Cm3*® 0)su)pt *f(s)* Lt . (3.32)
S

For H», we notice that

Lot x *
Hy = e (9% v vOf(s,x' v(t' s),v)dvidvds
t1 RS RS
U A *
. ' * *
+ e 9% v vhf(s x' v(t' s),v)dvidvds
0 R3 RY

Ha1 + Hao. (3.33)
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It is straightforward to obtain that f& > 2,
| | ! * *

&Iy & Ay v, vhiaviavds

Hz1) sup *h(s)*.:
0) S) t v(
) C1 sup *h(s)*.! ,
0)s)t

where we have use@®(17) in the last inequality. For the terir,2, one notices that
| | *| *
. t‘ 1 .

Hop = e (9% v vOf(s,x' v(t' s),vOdvidvds
0 [v|$ N R\3I(
o] *1 *
|y o *
+ e (T 9« (v, vO) f(s,x" v(t' s),vOdvidvds
| 0 | V) N | [v($ 2N
U ' ' : :
+ e (" 9« I(v,vO) f(s,x" v(t' s),v)dvldvds
0 V) N V() 2N

= Hao1+ Hooo+ Hopa

It follows from (3.17) and 3.20 that for& > 2,

| | *1 *

ot * *
Hoo1) sup *h(s)*. & e T Owev) B 1y, (v, vOdvldvds
09t 0 IM$N RY
| |
Dy g!
) Cm of“ﬁ*h(s)*“ 0 sn e 91+ |v]) 2 &((v) dvds
S V
Cm Cm
) — Sup *h(s)*Lr ) — sup *h(s)*! ,
N& 1o gt N g gt

and
. N2
H222) € 20 sup *h(s)*L
0) s) t
1!

x| *
' ' ' *. vl V(2 *
& (O Yyye(v) 15 lwg (v, V020 dvidivds
0 [v]) N [v(|$ 2N

\ 2
) Cmé 20 sup *h(s)*_ .
0)s)t
Sincelw&(v,v() has a possible singularity ‘?\%q as before we choose the
smooth compact support functidq(v, v() satisfying 8.23. Then it follows from

(3.26 and @.23 that
! !

1
Hz23) e (Y wg(v) 1
q  MN
) e (v, VO " In(v,vOlah(s, x* vt s),v|dvidvds
VO 2N | . x
S A , Do * *
+ e (9 ANV, vOh(s, x' v(t' s),vO)*dvidvds

0 V) N Iv()) 2N
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) = sup *h(g)u

0) s)t
! ! ; :
+ Cn e N9 *h(s,x" v(t' s),vY*dvidvds
0 Iv) N,[v()) 2N
C ] (e— :
) =™ sup *h(s)*L: + Cn1 2 E(Fo)+ Cnl 3E(Fo). (3.34)
N o) gt
Hence, combining3.33D@.34), one obtains that fo& > 2,
" 1" (
Hz) Cm 1+ = sup*h(s)*u + Cn1 3" E(Fo) + Cn1 3E(Fo). (3.35)
0)s)t
Next we estimatds. Firstly, we note that
I o ,
Hs) e (Wt'9 Bv' u")e 4
& R3 R & *
- *f(s,x" vt s),u)f(s,x" v(t' s),v)*dud#dvds
[ [N
+ e (9 B(v' u")e b
%0 R3 RS & *
- xf(s,x" vt s), u)f(s,x' v(t' s),vO)*dud#dvds
= Hszp+ Haso. (3.36)

For Hz1, one has that fo& > max3, 3+ $},
| |
t .

Ha1) C e (T 9 ((v)wg(v) *h(s)*? dvds
t'1 R3

P! !

+C

*h(s)r e (9
0 R3 RS

' ' U2
- we) v u®e " f(s,x' v(t' s), u)|dudvds
! I

Peag! %

) C1 sup *h(s)*?, +C + {4 & &udvds
?) s)t | | 0 V[N R3 R |ui$N
[ !

+C {da&pdvds
w 0 1|VI)?I#\l lul) N ! |
) C 1+ —— sup*h(s)*Z, +C {4 & &lpdvds.
N 09t 0 V) N Ju) N

(3.37)

To estimate the last term on the RHS of above dor 1 debned in3.6), it follows
from the HSlder inequality that

397
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C {4 a&pdvds
0, IN)N Ju)N | |

R A
) c e en(t S)*h(S)* L
0 [v) N Ju) N

] ' U2
we) v’ uPe f(s x' v(t' s), u)|dudvds

R A
) Cn e en(t' S)*h(S)*L!
0
" ! #1

If(s,x' v(t' s),u)[Fidudv  ds

V) N qul) N
1 1 1
p

L5 B o I
) Cnl E(Fo) + E(Fo) O)SU)IOt h(s)*.:
S

where in the last inequality we have used the following fact that

I
[f(s,x" v(t' s),u)|dudv

IvI) N,Jul) 3N
1+ (' 93 (—— 1+ (' 93

Cn—— 2" E(Fo) + Cn— E(Fy).

) o (t' 93 (Fo) + Cn (t' 93 (Fo)

Hence, from 8.37/DB.38), one obtains, fo& > maxX3, 3+ $}, that
" #

1
Hs1) C 1+ —— sup *h(s)*Z,
N& 3 o9t -
1

+ v 1
P

4 ( 1 BRI
+ Cn1 E(Fo) + E(Fo) sup *h(s)*
0)s)t

For Hzp, we notice, for& > max3, 3+ $}, that
[

ot
Hs2) C
t1 R RS 0) st
Dpgl 1
+ B(Vl u,n)e' ((V)(tI S)W&(V)' 1

0 R3 R3 &
" U2

- e "en(s)*u |h(s, x" v(t' s),v0|dud#dvds

) C1 sup *h(s)*f;
0)s)t
Y Pl Lo A

+ + {aa&ud#dvds

0 VSN R & R§ JuSN &

Peg!
+ {da&pd#dvds
0 V) N |u) N &2

(3.38)

(3.39)

(3.40)

" ' ! ! u2
e (U 9y yPwe(v) e " dudvdsa sup *h(s)*2
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" #
) C 1+
I

+ {da&pd#dvds.
0 V) N Ju) N &

sup *h(s)*?,

N& 3| 09t

To estimate the last term on the RHS of above, we utilize the changing of variables
(3.10, (3.17) and B.12) to obtain that
! ! ! !

t' 1
{44 &ud#dvds
0 V) N Ju) N &
P ! ! !
) C e N Sxp(g)* we(v)
0 . V) N |z)) 2N & .
|z vtz tzg 2k

(zl+lzDr s (s, x" V({t' s),v + z)*dzd#dvds
1 !

t 1, . - |Zl
) C e N Ien(g)r We(v) *———e
0 V) N J-1) 3N 21 - vz

* *

(s, X' v(t' s),-) *dz; d- dvds
|

t' 1 . . 1+ 1
) CN e cn(t S)*h(S)*,_T p

! ! ! $ 1
'z . kgl
.\
.

" ! #y 1
- [f(s,x" v(t' s),-)|d-dv ds
V) N |-]) 3N
4 - 1+ 1
)y Cnl 2 E(Fo) + E(Fo) 7 éo)stsj)pt*h(s)*l_; P, (3.41)

where we have use®39 in the last inequality and recall thgt> 1 is debned
in (3.6). Hence, combining3.36 and @3.40D@.41), one obtains that fo& >
max3, 3+ $},

* 1
Hg) C 1+ o sup *h(s)*2,

3 g9t

[N

1

» 1 =
P (3.42)

LT 1
+Cn1 % E(Fo) + E(Fo) " asup *h(s)*
0)s)t

1+
L!

Submitting 8.32), (3.395 and B8.42 into (3.31), one proves3.30 for & > max3, 3
+ $}. Hence the proof of Lemm&3is completed. /

3.3. Global Existence and Uniqueness
Now we are in a position to give the

Proof of Theorem 1.1 Let& > max3, 3+ $}. In terms of 8.14), we make the
a priori assumption
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$ %
*h(t)*1 ) 2Ag:= 2C; 2V + ( E(Fo) + E(Fo) , (3.43)

where the positive consta@t $ 1 is debned in Lemm&.2 Then it follows from
Lemma3.2and the a priori assumptio.@43 that

+! pl

9p+1 ’
*h(t)*L1 ) Ao+ C1(2A0) &  sup [t(s,y,-) [d- . (3.44)
t1) ) t, y%8 R3

To estimate the second term on the RHS2#4), we brst notice that fr = R3
andt $ tg,
!

y e MY fo(x" vt,v)ldv) t; 3 fo* 3y ) CMP*fox sy . (3.45)
For! = T3andt $ ty, it holds that
! " ! #

e Y fe(x" vt,v)|dv) + [ fo(x' vt,v)|dv
R3 [v[$ N v]) N

3 .3
3 13 Cc

* *& % f xT & ok ok

) Crwefor [ *for 5 + % fo*L1Ly

1 3
) CMExfg* & + CM% f* y,,  (3.46)

1 Cl
where we have chosdl = * wg fo* f; * fo* Ll&L! . Then it follows from Lemma
X

3.3 (3.45, (3.46) and the a priori assumptio3.43 that
|

N

sup | f(t,y,v)|dv
t1) s) t,yuR3 RS

| C\g3* fo*LiL{, , for!l = RS o(
s s + Cn1 2 E(Fo) + Cn1 °E(Fo)
OCM’&*fo*LlL! + C M3+ fO*LiL{/ for! = T3
11 9% L5t bl 1
+Cm*E+ Cn 1+ Tk o (2A0)7+ CnL° T E(Fo)+ E(Fo)  "(2A0)" 7.

(3.47)

Note& > max3,3+ $} andp > 1. One can brstly choosesufpbciently small,
thenN $ 1 large enough, and bnally IE{Fp) + * fO*L%L‘V ) )o with )p small

depending only o0&, $ and M, such that

4p+1 +: Pl

' 3
4C1A;" & sup [f(sy,)1d- ™) 2, (3.48)
t1) s) t, yo8 R3 4
which together with §.44), yield immediately that
7
*h(O*L ) ;Ao (3.49)

forallt $ 0. Hence we have closed the a priori assumptA3d). Therefore the
proof of Theoremil.1lis completed. /
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3.4. Positive Lower Bound of Density

At the end of this section, we give the proof of Corolldrp. NotingC; $ 1
andAg $ 1, it follows from (3.48 that fort $ t,
!

1 xov)ldv) S, (3.50)
R3 4

Then, using 8.50), it is straightforward to get that
il o

[*(t,%)" 1] =% [F(t, x V)" pv)]dvi) [ f(t,x,Vv)|dv) g,
R3 R3

which yields immediately that initial vacuum of the density function should disap-
pear fort $ Tp := t3. Therefore the proof of Corollary.5is completed. !

4. Time-Decay Estimates in Torus

In this section, we consider the time-decay estimates for the global solution-
s obtained in Theoreri.1 Let! = T3, we consider the following linearized
Boltzmann equation

2+va#h2+ ((v)2' K2=0, 20, x,V) = 2(X,V). 4.1)
Denoting the semigroup of(1) by (t), it holds that
2(t) = S(t)2.
Let2(t, X, v) be the solution of the linearized equati@hl), and denote
3, x,Vv) = weg(V)2(t, X, V).
Then it follows from @.1) that
F+va#H3+ ((V)3' Kwe3=0, 3(0 x,v) = 3(x,V). (4.2)
For later use, we denote the semigroup4®) by U (t), and write the solution as

3() = U()3o.

4.1. Case of Hard Potentials

In this subsection, we consider the decay estimate for hard potentials on torus.
The following proposition is a starting point for further geting the exponential decay
inL' norm.

Proposition 4.1.[19] Let0) $) 1,! = T3. Let2(t, x, V) be any solution to the
linearized Boltzmann equatid@.1) and satisPes the conservations of mdss),
momentun{1.6) and energy(1.7) with (Mo, Jo, Eg) = (0,0,0) %R - R3- R.
Then there exists positive constants 0 and C> 0 such that
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*S(t)Zo*Lz — * 2(t)*L2 ) Ce‘ +t*20*L21
forallt $ 0.

Utilizing Proposition4.1, we can obtain the following.' decay estimate for
the linearized Boltzmann equation.

Lemma4.2.Let0) $) 1,! = T3 Let2(t x,v) be any solution to the linear
Boltzmann equatio(?.1) and satispes the conservations of m@ss), momentum
(1.6) and energy(1.7) with (Mo, Jo, Eg) = (0,0,0) %R - R3- R. Then there
exists positive constanfs< +1 ) + and C> 0 such that

*U(t)3p* 1 =*3@)* ) Ce "t wg2y*r for t$ 0. (4.3)
Proof. Notice that via Lemma 19 inl{], we only need to prove that there exist
+2 > 0, Ty > 0 andCy; such that
'
*3(Ty)*Lr ) e Z*3* 1 + Crp  *2(9)*20s.
0

The rest of the proof is similar ti§im [19]; see alsdGuo [14]. Indeed, our case is
simpler than 14,19] since the the characteristic lines in case without forcing are
straight lines. Here we omit the details for brevity of presentatiors.

Based on the above preparations, we utilize Lemrdo prove Theorem.6.

Proof of Theorem 1.6. Using the semigroupJ (t) for the weighted linearized
Boltzmann equation4(2), by the Duhamel Principle, we have the solution for-
mula for the nonlinear weighted Boltzmann equati8ri) as
by $ %
h(t) = U(t)ho + U s) wg'( f, f)(s) ds.
0

Then it follows from &.3) that

, g! t $ % g
*h(t)* ) Ce "l*hg* . + Ut' s) wg'( f, f)(s) ds X (4.4)
0 !
To bound the last term on the RHS @f.4), we notice that
by $ % by . - $ %
U s) wg'( f, f)(s) ds= e TS we'( f, f)(s) ds
0
by $ %
+ o .© W DK, Usy' s)we'( f, f)(s) dsids. (4.5)
S

For the brst term on the RHS o4.6), it follows from (3.4) that
W . $ % ¥
s @ (WIS we(vy( f, f)(s) dst

0

9p+1 + - p 1

t 1
) C e @ 9wy*h(s)* P sup  |f(s,y,-)|d- T ds
0 Y8 R3
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by
) C e T 9ye Fs

0
14 " 5 4p+l+! , '12

- sup ez%*h(s)* .1 a*h(s)* * [f(s,y,-)|d- *° ds
0) s) t,y% R3 )

- 4., 5 apra+! E

) Ce 2t sup  eTS*h(s)*L ah(e)* " |f(s y,-)|d- **

0) s) t,y%s R3

(4.6)

To estimate the second term on the RHS 45), as in [L4] we debPne a new
semigroupd (t) such that it solves

$ %
4+ vath+ ((v) " Kw {U(OH}= 0, U(0)o = Mo,
with w(v) = % A direct calculation shows that
\%
(_
1+]v[20(t),

also solves the original weighted linearized Boltzmann equatia®).(Then the
uniqueness il class withtig = % yields that
\

%
U(t)ho & ( 1+|v|2U'(t) (7

+lv[?

Here we point out that4(3) also holds for semigroul(t). Then it follows from
(4.3 and @.4) that

kb ' ' $ % by o
* e (Wt s1) Kwg U(s1' S)wg'( f, f)(s) dsyds*) e (ot s1)
0 s 0 s %
* (7$ Wg, % X
- kwg (V, VO 14| V(2 U(sy s)(m'( f, £)(s) dvGds,ds
Rv( v
U . ' :! ( x
) e (ot s)x ; kw&(V,V() 1+|v(|2dv(*

S v(

0
B s g e °
- B (s’ 9f——'( 1, 1)9) 8, dsds
, 1+1v] 8

|

ottt

) 8o a)g ne S>§<7W& 1 1B, dads
0 s | | L!

Pl opt1

) C e (ot s)g +i(s1' ) ( *h(S)*L!Sp

0 s ||2|-'
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+ , p1
- sup |f(s,y,-)|d- P dsids
morR 2
- 4 " 5 apri+! B
) Ce 2! sup ezS*h(s)*L  ah(9)* " [f(s,y,-)|d- ~°
0) s) t,y%s R3
4.7)
Combining é.4b@.6) and @.7) and using 8.49, one obtains that
Y %
sup ez 3*h(s)*
0 st $4 5
) C*ho*! +C sup  ezS*h(s)*
0) s) t,y%
) 2
4pt1+- , pt_;l
- * h(s)* |f(s,y,-) d-
R3
$ %
) C *hg*Lr + sup *h(s)*2,
0)s1
o 5 1 aprat! . B 12
+C sup eZS*h(s)*.1 & sup  *h(s)* " [f(s,y,-)|d- ™°
D)t 1) s) t,y% R3
4. 5
) CoM*+ Cp sup ez2S*h(s)*
1) s)t
1 4p+1+! s %12
- sup  *h(s)*” 1f(s,y,-)|d- . (4.8)
1) s) t,y% R3

Then, using 8.47) and similar arguments as i8.48), if )¢ is small enough, one
can obtain that

1 M-i-l ,p-12 1
C2 sup  *h(s)* " [f(s,y,-)|d- P ) =. (4.9)
1) 9 t,y% R3 2
Substituting 4.9) into (4.8), one gets that
eFUh(t) L ) 2C,M4 2t $ 0. (4.10)

Finally, choosing
_h _ 4
+0 = ? and C‘Lz— 2Co N7,

we then obtain 1.12 from (4.10. Therefore the proof of Theorer.6 is
completed. [/
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4.2. Case of Soft Potentials

In this subsection, we consider the decay estimates for soft potentials on torus.
Firstly, we debne the Fourier transformation as
I
P, k,v)= e K&, x,v)dx, k%ZS.
!

Then the have the following estimate, whose proof can be foung| 22].

Proposition 4.3.[6] Let' 3<$ < 0,andletd$ 0,r > Obe given constants. Let
2(t, x, v) be any solutionto the linearized Boltzmann equaft) and satispes the
conservations of mag$s.5), momentunil.6) and energy1.7) with (Mg, Jo, Eo) =
(0,0,0) %R - R3- R. Then the following estimate holds

— d rs 2

(o ay L
< (3 "Bk 8%,) a0 (3 7 Tk 2,

forallt $ 0and k%Z3, where r. denotes the arbitrary constant which is strictly
greater thanr.

Using Propositiort.3and Plancherel theorem, we have the followirfdecay
estimate.

Lemma 4.4.Under the assumptions of Propositiegh3, the following estimate
holds

ST sz, =+ T 2002,) caey U Y M, @)

forallt $ O.

We have the following.' -decay estimate for the solutions to the linearized
Boltzmann equation.

Lemma 4.5.Under the assumptions of Propositidr8, it holds that

*S(20*L =*2@)* 1 ) C(L+t) Mwayspot,  (4.12)
for any given r%(0, 1 + I_é_l)'
Proof. Itis noted that

t
2@, x,v) = e x' vt,v)+ e M SKmag x' y(t' s),v)ds
0
!

t
+ 6 T 9K x vt s),v)ds, (4.13)
0
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which yields immediately that
!

t
12¢, x,v)|) € @Y2x' vt,v)|+ e TS KM2s x' v(t' s),v)|ds
0
|
ot
+ e M9Ke2(s, x" v(t' s),v)|ds
0

=L+ Lo+ Ls,

wherem > 0 is a small constant to be chosen later.
Firstly, it is easy to get that

L) C(L+1t) "™*( "20*p . (4.14)

It follows from (2.6) that
I

st ) . ) V2
Lp) Crd*S & (W 9¢ Hrxogx 1 ds

0
' V2 ’ t ' '
) cm*Se B a 1+t s) Y2, ds
0 !
3+$'ﬁ $ r %,'t ! "lr ‘r
) Cm>*e 20 sup (1+ s)*2(8)*r a (1+t' s) (1+s) 'ds
0) s)t 0 0
3+ $ o 2 r $ r o
) Cm” e 20(1+t) " sup (1+ s)*2(8)*L . (4.15)
0)s)t

To boundL 3, we use 4.13 again to get that
] ]

. !
Lz) e (s . v, vOle ©Os125x" v(t* 8)* vis, v0)|ds
0 R

v(
| | |
o ! !
F ey vy e s 0
0 RS 0
v %
-] K™20,x" v(t' s)' v{s' 0),v)|d0 dvlds
| | | |
Iy P !
+ e (Mt 9) 11 (v, vOILvE v Se.' (vO(s' 0)
0 R R 0
-1 2(0,x" v(t' s)' vis' 0),v|dodvavids
= L3+ L3o+ Las. (4.16)

For L33, it follows from (2.10 that
| o | R
La1) C*( "2*1 e U9+ Ta  i(v,v)|dvids
Ry(
!

t
) Cor( a6 O (e g T a() M Fids
0
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|
ot

) Cor(T2r (A+t'os) Y Bi(1+s) Tds
0
) Cm(1+1t) "*( "20*L: .

Using 2.6) and @.11), one can obtain that
! ! !

t S
Lyp) Cm¥*® & (9 iy,v e O 0
0 RS 0

w(

2
e %*2(0)1! dodv'ds
$ %
)y cm®*® sup (1+ 0)*2(0) . 1+t s) '
| 0)0)t 0
S
- (1+s' 0) !+ 0) "dods
0 $ %
) Cm¥*®(@+1t) " sup (1+ Of*2(0F. . (4.17)
0)0)t

Now we concentrate on the terirzs. As before, we divide it into several cases.

Case 1For|v| $ N, then it follows from .10 that

$ % (@t s_ (V)
L3z) Cm su 1+ 0)*2(0 L! e v S~
) Cm sup (I+0y=20ru (@+]V])2

|
9 N |
- (1+s' 0) ¥ i1+ 0) "dods
0
$ % ¢

) sup (1+ 0Y*2(0) 1+t s ¥ AT
0

Cm

N [$] 0)
- (1+ s' 0) ! rﬂ(1+ 0) "dods, (4.18)
where, > 0 is a small positive constant such that

2 2
0<r) 1+ —' , and 1+ =' ,> 1 4.19

It is noted that such > 0 must exist since < 1+ ]%-[ Then, from 4.19 and a
direct calculation, one can get that

Py Ps

1+t s YT (1+s' 0) Y Bi(1+0)"dods) C(1+1) ",
0 0

which together with4.18), yield that

$ %
L3s) |$|(1+t) résup (1+ 0Y*2(0FL . (4.20)
N- 00
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Case 2For eitherlv]) N, |v(|$ 2N or|v(|) 2N, |v{{$ 3N. Itis noted that
we have eithefv' v{|$ Nor|v(" v{{$ N. Then it follows from 8.20) that

, 2 $ 0/0' t , ! : v V(zi
L33) e S sup (1+ 0)*2(0). e (9w, vie 20 *dv
0 0)t | 0 R\?,’(
S e o L% W V(2 %
- e @B 9aroyr Al vhe = +dv(dods
0 Rv((
e $ %
) Cme 2(1+1) ro)sg)pt (1+ 0Y*2(0): . (4.21)

Case 3Jv|) N, |v(|) 2N, |v{{) 3N. This is the last remaining case. Firstly,
we note that

! !

Ly !

e (M(t 9 (v, vOI(vE v

0, V) 2N, [v(() 3N
s

e O M0 x vt s vis' 0),v§|dodviav(ds
0 |

t !
) e (Wt 9) ||(v,v()|(v(,v(()|
q Iv() 2N, v(() 3N

S

- e O O xt vt s’ vis' 0),v§|dodviav(ds
1St [
Y !

+ e (W(t9) 1(v, vOI (v v
0 Iv(l) 2N, |v(q) 3N

s 1
e 9 Opox vt s)' vis' 0),v(|dodvidvids. (4.22)
0

We can bound the prst term on the RHS 42Q) by
$ % ' '
Cml sup (1+ 0)*2(0): e (M9
)0) t 0
- (v, vOIvE v+ s) "dvlav(ds

|v(|) 2N,|v((|) 3N
$ %

. by (V)2 :
) Cml sup (1+ 0)*2(0) e WS 220 1+ "ds
™ 0t S (L+[v])?

, $ %
) Cml(1+1t) " sup (1+ 0Y*2(0)
0 0)t

Now we shall estimate the second term on the RHS4a2. Sincel (v, v()
has singularity ofv' V(| 1, as before, we can choose a smooth compact support
functionfy (v, v() such that
| *
* * !
sup APV Fu(p,vOrdvl) CrmNZ" S, (4.23)
[pl) 3N |v(l) 3N

*
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Noting
+ b
Lv, vOLOvE v = 1w, v v, v 1v v

+ 1
+ 1vEvO T RGOV v, v + v, vOR v v,
(4.24)

and then using?.11), (4.23 and @.24), we can bound the second term on the RHS
of (4.22 by
‘ $ . % ¢ e
CmN%'5 sup (1+ 0) "*2(0) L e NS
0)0)t 0

s 1 : 5/ }
- e ¢N*(s 0)(1+ 0) "dods
|
. !
+ ey (v, VO (v, v )
0 V() 2N, ]v(() 3N
sl
- e SN*E Opo,x vt' s)' vis' 0),v9|dodviav(ds
Co , $ | %
) —(A+1t) " sup (1+ 0) "*2(0)
N L0t

Tt oS 1
' $ /0 B $
+ CN,m e CN*(t s)e cN*(s' 0)

| 0 O

- 1200,x" v(t' s)' vi(s' 0),v|aviavidods,
V() 2N,|v(() 3N

where we have used the facts thatv, vOix (v(, v() is bounded and
((v) $ cN® for|v|) N, and ((v)$ cN® for|v() 2N.

As in Sectiord, using the changing of variables, one obtains that
! t! s 1
Cnm e cN¥(t' SN cN®(s' 0)
: o o
- 1200,x" v(t' s)" v{(s' 0),v|dvidvidods
V() 2N,|v(() 3N
[
e N
) CN,m,l e CcN*(t S)e cN®(s O)*Z(O)*LZdO
0 0' $ % , '
) Cuma(l+1t) " sup (1+0)Y*2(0) 2 ) Cnm(1+1t) "™*( " 2% 2
0) 0) t

) Cnma(l+t) "waug) 2L (4.25)

where we have used (11 with d = 0. Thus, combining4.22b@.25, one gets
that
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. !
e (Mt 9) 11 (v, vOILvE v
0 [v() 2N,[v(() 3N
|
© S
- e YOO x vt s)' vis' 0),v|dodviavds
qi- 11 \ $ %
) Cm 1+ = (1+1) "asup (1+ 0f*2(0).:
N 0) 0) t
+ Cnyma(1+ 1) T aWou g %10 (4.26)

Therefore, it follows from 4.20), (4.21) and @.26) that

# $ %

1 .
L3sz) Cm 1+ —+ (1+1t) "asup (1+0)*2(0).!
0) 0) t

N N I8l
+ Cnyma(1+ 1) " aWor g 20t

where, together with4(14), (4.15 and @.16P@.17), it yields that
$ %
sup (1+ s)'*2(s)*L!
0)s) t "
s 1 1 w0 %
+ 4 + —+ + 8) *2(s)* 1
) Cm Cm 1 NN O)sg)lot (I1+ 8)*2(8)*L

+ Cnym,1*Wo+ g1r 20*L! -
Note' 3<$ < 0.By Prgt choosingn small, thenl srgall, and Pnally letting
sufbciently large so tha@ m3*$ + Cn(1+ § + ~Js) ) 3. one obtains that
*2M)* L ) C(L+t) *waugr 2*L
for all t $ 0. This yields immediately4.12. Thus we complete the proof of this
lemma. [

Based on the above preparations, we now use Lehbi® give the

Proof of Theorem 1.7. Using the semigrous(t) for the linearized Boltzmann
equation 4.1), by the Duhamel Principle, we have the solution formula for the
nonlinear Boltzmann equatiol.Q) as

by $ %
f(t) = S(t) fo+ S(t' s) '( f, f)(s) ds.
0

From now on, we take := 1+ I?‘E_I > 1+ Fﬁ‘%—l with , being an arbitary small
positive constant such that<0, ) % Then it follows from @.12) that
O ) c+ 1) "*wassp forL
ot

$ 0,
+C  (1+t' ) "ewasr '( T, f)(S)/gL. ds
. _
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) C(1+ 1) "*Was g fo*
ot

$ 0
+C (1+t' 9 ’§W4+|$| '(f, f)(s)/ng ds. (4.27)
0 !

To estimate the last term on the RHS dfZ7), we note, from 8.4), that

x $ %
HL+ V) f, f) (s, x" v(t' s),v) *
4p+1 +! s p5'1
) Crwaf(s)L *wif(9)* P sup  |f(s,y.)ld- "
yo4 R3
RN NS LS S T
) C*W&f'(s)*L! *F(s) L “rwe f(s)* [ P (s)*
+: , Pl
-sup [f(s,y,)[d-
Yo R3
' %+ 4[5J-;;1+1. %’ g_'_ 42“—1% +! , pl{;pl
) Crf(9)* *we f(s)* | P sup [f(sY,-) |d-
Yo R3
4p+1 +! ,%
) C*f(s)*L *we f(s)* * sup 1f(s,y,-)ld- ™, (4.28)
yd 3 RS

where we have use%%l(l' =)' 2$0dueto&$ Jandi< p) & Thenit
follows from (4.28 that

[ $ 0
C @1+t s rg(1+|v|)4+l$| '(f, f)(s)/gu ds

0 | '

) C- t(1+t' s) "(1+s) "
0

1 | 2
4 5 apr1t’ , r;l
- sup A+ 9 *f(s) L *W&f(s)*L;Sp [f(s,y,-)|d- " ds
0) s) t,y% R3
) C(1+1) "
14 5 4p+1+! , P 12
- sup (L+ 9 *f(s) L *wgf(s)* " lf(s,y,-)|d- |
0) s) t,y% R3
which together with .49 and @.27), yield that for& $ max{%, 4+]|$[},
$ %
sup (L+ s)'*f(s)*L
0)s)t
) C*W&fo*L!1 )
4 5 apr1+! VB 1
+  sup (1+ 9) > f(s)* 1t *we F(s)* P [f(s,y,-)|d- *°
R3

0) s) t,y%d
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4 5
) CsM*+ C3 sup (1+ )"*f(s)*L
REL ' 2
4p+1+- s p51
- sup *rwgf(s)* P [f(s,y,-)|d- * . (4.29)
1) s) t,y% R3

Then, using 8.47) and similar arguments as i8.48), if ) is small enough, one
can obtain that

1 4p+1+! , % 12 1
Cz sup  *f(s)* If(sy,-)ld- ™ ) =. (4.30)
1) s) t,y%8 R3 2
Substituting 4.30) into (4.29, one proves that fo& > max{%, 4+|8)},
*f(t)*r ) 2CaM*(1+1t) ", 2t$ 0. (4.31)

Taking
G3= 2C3M°,

then we obtain X.13 from (4.31). Therefore the proof of Theorerh.7 is
completed. /

5. Appendix

5.1. Estimates on K

In this subsection, we give the proof of some lemmas in Se@tfoncomplete-
ness.

Proof of Lemma 2.2 The estimate oki(v,-) follows from a direct calculation.
We will mainly focus onKs(v, -) . It follows from [2,10] that

|
lIvZ] - 22

() Cv R 7+ |?

0) kov) = —2 ¢ Yl MRS ot v e A dy
v -2 R2
(5.1)
andBO(]- ' V|, |z1|) satisbes
- v
BY(-* vl.lzl) Co - Vi , (5.2)

8rs
l-* v2+|z1]? 2
where

Zz=Uu'v, z=[z&#)#, z1=2" 2, -=V+2.
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Then, substitutingg.2) into (5.1), one obtains that

| .
2220 F $1

o MR ’ ez 2
o)) T2 e W vem P T e M
|V '| R2|
o Y [\ I $ 1 . Jgg+2
) — 2 i€ e &P |z2]Z77e 7 dz
v "
c DR P22
) $3’$e |v8| e & -2
v' -1z

Thus the proof of Lemma.2is completed. /

Proof Lemma 2.4. Firstly, it is straightforward to prove2(6) due to the fact that

Lyl vl

2 w2
e 4 ) Ce & for|v' u]) 2m.
Next, we shall proved.7). It is noted that

7 8 L2 R
k' KM(v,5) = vt P[0 (v uple e

I S Ul g
) clv' -]’e 7e 3 (5.3)
From [10], we have that
|
C v ' 1 vz 12
(v,) ) e o e B g€ 7 dz,
[-" vl R2 l-' v2+|z|2 2
(5.4)
where
z=Uu' v, z=[z&8f#, z1 =2" 2, -=V+z (5.5)
1 1
2= E(V+ -) = v+ EZ!' 2 =[2&#)#. (5.6)
Denote
“(s) = 1' [ m(s) fors$ 0.
Then, it follows from 6.4) that for0) a) 1,
7 8
ko' k3" (v,-)
) ll el |"8V|ze' %|2||2
|- Vl n
! 9__ 0@ #4 $ 1
2 P Rl
- ko T VPH[ZP | vtz e 7 dz
R2
) 1 e' |"8V|Ze' %|2'|2

|- v TAr s)
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! II9 # 1

- 2/+m - v2+ |z |? 7 g1s
R 1+]-" v2+[ze 272
7 rs
1+|-' V°+|zs |28aT vz 12

p PN S Al
¢ 81s alzl|(l V7 e Z dz
|- VI2+]z1 |27 2
1 w2

C 1o 12
) C T —¢ ©° e 2Pl
|_- V|1+T(1' $)
{ "
' 1
- = . 2 2
Rzl-m - vle+]z s 5 o BT
1+]-" v|[*+ |z ]
7 rs
1+|' I V|2+|Zl |28a : élz |(l' a)%e' 4|21+211|2dZ
- ; 1 1
P
mas' 1) D2 1o
A P T .
[-* v]7 2z
| , .
' |Z;|_|(l a)% 2tz |2
— € 2 dzg
2l g8
R L) vz 2
ma®" 1 DL 12
) 1+ A $)e = e 2
Y
! 81
|2y Zl|(1 a7~ 712
2 d
) 27 8a&e Zly
REL+|-" v2+ |20 21272

where in the last inequality we have made a change of varieble 21 3 z;.
Now we estimate the RHS of above term. Followigg]| we split it into two cases.

Case 1:For|z; | $ 1|21, it holds that
7 8
ko' kén (v,-)

!
ma@' 1) C V2

Iz 12 . |2 1

1o (2 RS-
512 ' T a)*%5a 7 15
) : e e 2l 21" z1| ze 4e 5dy
vyl A $) 2
[-* v| 2 R
' |
ma®’ 1) v 12 N N ol
) Eag $)e 5 e a2l 2|21' z|T¥7e e vdy
|- v|* 2
ma®" CEVE 102
) T e 10 e 34
|_ ! V|l+ =2 (108)
|
' CayS Lz 1 g2 [22
- [21 " Zl|(l 3 e Y e ol v[? ITGLdzl

R2
It follows from (5.5) and 6.6) that

1 1
|-t vP[2P= - v 7ia +VvP’s Z(I-|2+IVI2)-
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This yields that
7 ;)
kzl I(2 (V!')
a@s' 1) Sy
m T ERf g BaRg AP
v
]
. N N N
- 120" z2|T ¥z e Fody
R2
as$' 1) L2 e v -22
) C$m ! |10|2e “_lleillJl_zLe' %(|_|2+|V|2),

. e
- v TA@r $)

where in the last inequality we have used the following fact

* *
* ZI *2
212 = [[2a#]#[? = |[24#]1 = *2:%*
|
* *
1x (V)R 1P vB?
= “X-+v)a * = = . 5.7
4( )|-'v| 4 |- v? ®-
Case 2:For|z;|) 3|2, it holds that
7 8
k2' k&n (Vv_)
Cn’]a($' l) , |-'V|2 L1 2
) : e 8 e 2121
|-+ v T 3)
| , .
' |21 1 le(l a)$—21 Dz 12
- R2 7 1 %Qe 2 dZ]_
L+]-" vZ+ §l22 7
Crna($' l) , |-'V|2 L1 2
) . e 8 e 71|2||
- v TA @ s)
| . $' 1
' 2 7| A G
) ; 22" 2| frs e B iz
R 2R 22T
$' 1 :
) Cma( I ) e- |- 8V|2e| %1|2||2
- v RS
| ' $ 1
' 2 7 |C A Ll
. . 20"z — W 4z,
R B e i
y _ Cme ! ¢ L3¢ dar
A N R N B D
' Ca$ 1 P
) Rz|21' 7| e Hdz
as' 1) BT 1 I
Cgm 1 | Ie o P (5.8)

: = €
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where we have use®(7) in the last inequality. Combinindg(3)P6.8), one proves
(2.7). Therefore, the proof of Lemma4is completed. [

5.2. Local-in-Time Existence

In the following, we consider the local existence of unique solutions to the
Boltzmann equationi( 1) with large initial data inL' -norm.

Proof of Proposition 2.1 To prove the local existence for the Boltzmann equation,
we consider the iteration that for= 0, 1, 2,.. .,
.

Frlevas F™ i+ Flg oo B(v' u,")F"(t,x, u)d#du= Q. (F", F")
(5.9)
with X
F”*l(t,x,v)itzoz Fox,v) $ 0, and FO(t,x,v) = p(v).  (5.10)
Denote
fn+1: Fn+1- u.

Then 6.9) can be written equivalently as

| |
fr e vam s f”"lé. RS'SZ B(v' u,")$u(u)+ +Hf”(t,x, u)%é#du
- Kin+ 41—HQ+(+Hf”,+Hf”) (5.11)
withn=0,1,2,... and
f“+1(t,x,v)£t:02 fo(x,v) and fO(t,x,v) = O. (5.12)

Itis a normal procedure to solve the approximated problén®H6.10 (or equiv-

alently 6.11)B6.12) since they are linear at each step and the angular cutoff as-

sumption is posed. Then we get an approximation sequefit n= 0,1,2,....
Firstly, we consider the positivity dF"* 1. It is noted that

' ) n ' f
Fit, x,v) = e 09'0X vt 00 gp iyt y)
|

S T
+ @ sd"0x vt 0)v)do aQ+ (F", FM(s, x' v(t' s),v)ds,

0
(5.13)
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with

0"(0,y,v) = y SZB(v‘ u,") F"(0, y, u)dud#
| |
1R $ %
- B(v' u,") p(u)+ EEN(0,y,u) dédu.
R3 &

By induction onn, we can prove that iF" $ 0, then it holds that
g"(s,x" v(t' s),v) $ 0 and Q+(F", F")(s,x" v(t' s),v) $ 0,
which together with%.13) yield that

)t i o e
FM i, x,v) $ e 09"0xX VIt 00 aF iyt vt v) $ 0.

Therefore, we have proved the positivity of the approximation sequences, i.e.,
F*1$0,n=0,1,...

Next, we consider the uniform estimate for the approximation sequence. And
it is more convenient to use the equivalent foffit 1. Then, it follows from 6.11)
that

£ 1(t, x, v)
5 g"(0x" v(t' 0)v)do
t } ) i i
+ g s POX M OMI J (s Xyt s),v)ds
| 0
Tt ' )l n ' .
+ e s9 (0,x" v(t' 0),v)d0
0

1 +_ o+
- A —— Qi ( mM, EEM(s, x' v(t' s),Vv)ds, (5.14)
H(v)

which yields that

=e

| afo(x" vt,v)

|
Py *

[we (V) F™2(t, x, V)| ) * we(v) forLr + IW&(V)(Kfn)(S,X' v(t' s),v):ds

| * *

ot * *
. -\l{v%*Q+(+Hf”,+ﬁf”)(s,x' v(t' s),v)ds.
(5.15)

It follows from (2.4) that

!t* *

We(V)(KEM(s, X' v(t' s),v)*ds
0

L, !

) *wef(s)*L ds o WaW) kv, ) lwe(-) " *d-

|
ot

) Cs  *wgf"(s)*L: ds. (5.16)
0



418 Renjun Duan et al.

To estimate the last term on the RHS &f15), by similar arguments as ir8(9),
one gets that

*

f‘%*@ R Hf”)(s,X'* vt 9w
yc B u,")(mfw&(usf“(s,x' vit' s), uf
R3 *

(s, x" v(t' s),v0)duds
| |

*

iC B u,")(mif”(s,x' v(t' s), uywe(vO
R & *

(s, x" v(t' s),vO)dud#,
= I+ 1. (5.17)
It follows from the change of variable8.00DPE.12) that for& > 3,

*

*f”(s X" v(t' s),v+ z.)*dzl d|z |d#

1) C*vlv&f'”(s)*L!
|z - |v+z|
R3 52(|Z'|+|21|)1 5°

*

$ 1 *
T, [+ 2% *
) Crwg f(s)* L %e AR E(s X" v(t' s),-) *dzy d-
R3 7 - vz
! 1 x x
) Cg*wg fN(s)* ! —*f"(s X' v(t' s),-)*d-
SRS
* n *2 . (l | |) * n *2
) Cs wg, f (S) L! RS# ) C($ &) wg, f (S) . (518)
- v

It is noted that by a rotation, one obtains the interchange ahdu(. Then, one
can changé to a similar form ad4. Thus, by similar arguments as above, one can

obtain that forl& > 3,
l2) C($,&)*we f(s)*F: ,

which together with%.18 and 6.17) yields that for& > 3,

| * *
" U wg(v) * 4 *
+—2*Q £, fM(s, x' v(t' s),v)*ds
T '+( H TREDI ( ), V)
Tt
) C($,&) *wefN(s)*2 ds. (5.19)
0
Substituting .19 and 6.16) into (5.15), one obtains that fo& > 3,
* n+1 t * * f *
W&(V)é () )™ wefo*L %
+Cqt  sup *wg f(s)* L1 + sup *wg f(s)*2 (5.20)

0)s)t 0) s)t
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where the positive constafy $ 1 depends only off, & By induction onn, we
can prove that if

+

[
sup *W&fn(S)*L! ) 2*W&f0*|_! , t1= 8C4[1+*W&fo*|_! ] s (5.21)
0) s) t1

then it follows from 6.20 and 6.2]) that for& > 3,
+ -
sup *wg fM* 1(S)*|_! ) 2*wg fo*r withty = 8C4[1+* wg fo*! ] ,
0)s) t1
(5.22)
foralln$ O.

Now we prove thatf™1 n = 0,1,2,... is a Cauchy sequence. It follows
from (5.14) that

9 .
* weg(V)(F™2 £, x, v)]*
9 Dex t
Yl we(v) fo(x' vt,v)|a X"l gM)(0,x' v(t' 0),v)*d0
'+ 9 0
+ ] wg(W)KF™I(s, x" vt s),V)|
1Y % *

tx x
- Xg™? gM)(O,x" v(t' 0),v)*d0ds

S

. t 7.\
+ 4W—7&£\;)IQ+(+Hf””,+Hf”+l)(s,><‘ v(t' 9),v)|
| * Hv *
otk *
- K™t gM)(0,x' v(t' 0),v)*d0ods
!st 9
+ ] we(W)(KE™I KEM(s, x' v(t' s),v)|ds
0
Tt W&(v):*' +_ +_
+ * fn+l’ fn+1
. 4—W Qi+( M H )*

+_ o+ 0 *
Q+( Hf™, WM (s,x' v(t' s),v)*ds
=3+ Ig+ s+ lg+ 7. (5.23)

A direct calculation shows that

* *

(g™l g,y u)) C(W)*(F™ L EMO)FL

which, together with%.16) and 6.19, yields that, for Q) t) tj,
$ .
I3+ 4+ 15) C *( Wgfo*r!
! t:g 3:
+ 0 we(V)((v) KF™ (s, x' v(t' s),v)*ds
0
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b, x g
E we(V)((v) * x %
o WM s Fremen Frenelys v 8),v)ids
|0 u(v)
ot
- F(FM R EM(0)*1 do
%
) Ct *wgfo*Lt +t sup *wg f™(s)*1r + t sup *wg f™1(s)*Z,
0)s)t 0)s)t
- sup *(fM M (O)* L
0) 0)t
) Ct*wg fo*: &sup *(f™1* £M)O0)*L: , (5.24)
0) 0) t

with & > 3, where we have used the uniform estim&3 in the last inequality.
By the same arguments & 16), one can obtains that

ls) Ct sup * wWg(f™1" M) L . (5.25)
0) 0)t

To provely, we note that
*+ *

* +— n+1 +— n+ 1\ +— n +— n, T 1 o
Qe ( pfT S wfTH T Qe (it ) (s,x' ov(t' s),v)*
L :
) QLTI (s xt vt 9),v)F
e e ), T s Xt vt s), V) (5.26)

Denotingy = x' v(t' s), by similar arguments as ib(17), we have that

*

+ *
CORCEMTE M) (s x " ov(t! s) V)

Lo (__
) C SZB(V' u,") " R(u) ™G, y, U

*

* *
- we (VO™ M) (s, y, vO)*dud#

oW et e AT wR(E L Y9k . (5.27)
we (V)

To estimate the brst term on the RHS &f27), by a rotation, we interchangé
andu(, then using the same arguments as3riQPE.19, one can obtain that

Il
C B(v' u.")( u(u)| £ (s, y, ud)
R3 *,@2 %

- weO(FM L (s, y, v *duds

) C* T wg(f™ L £ (s)* L




Global Well-Posedness of the Boltzmann Equation 421

Lo *

$ 1 *
|Z;|_|T etz PR 1 *
———ge ¢ *f"sy,-)dzd
R3 z - vz

) Crwg f™Y(s)r &% wg(f™L M) (5L

with & > 3, which together withg.27) yield that

A FRETL TR s xt (et 9 w)*
H(v) .\
) Crwg f™ ()1t a* Wg(f™1 £")(s)*L , (5.28)
for & > 3. Similarly, one can gets that fé& > 3,
vﬁ\(/'\)/‘)IQ+(+E(f”*l' ), TN (s, X" v(t' s),v)*
) Crwe fh(s) 1 &% Wa(f™1r f7)(s)* L . (5.29)

Then it follows from 6.26), (5.28 and 6.29 that for0) t) tj,
$ %
I7) Ct sup *wg f™Hs)* Lt +*wgf(s)*L:
0)s)t

- sup *+W_&(fn+1- fn)(S)*L!
0)s)t

) Ctrweg fo* o;su)pt*+VT&(f”+l' fN(s)* L (5.30)
S,

with & > 3, where we have used the uniform estim&3 in the last inequality.
Substituting$.24), (5.25 and 6.30Q into (5.23, one obtainsthatford t ) t,
sup " Wg(f™2 ™ I)(s)*
08Ty
) Cti(1+*wafo*L )a sup * Wa(f™1' £)(s)*L
0)s) T1

C
) =~ sup *+W_&(fn+1| fn)(S)*L!
8Ca0) 5 t;

1
) = sup *+W_&(fn+l' fn)(S)*L! ,
209t

where we have chosey, suitably large such thak- ) 3. Thus, by induction on
n, it is direct to obtain that

sup* Wg(1™2 7 h(gr) 2 M T wg(tl 19 ) 2 Mwefory
0)s)ta

which yields immediately that"™®, n= 0, 1, 2, ... is a Cauchy sequence. There-
fore, there exists a limif such that

sup *+W_&(f”‘ f)(s)*L: 3 0 asn3+!
09t
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The limit function f is indeed a mild solution to the Boltzmann equatiari) and
(1.4). It follows from (5.22) that

sup *we f(t)*Lr ) 2*wg fo* ! .
0)t) t1

Now we consider the uniqueness. LE&tt, x,v) be another solution of the
Boltzmann equationi(1) and (L.4) with the bound sug ¢ 1, *We. )L <+,
by similar arguments a$(23D6.30, it is directly obtained that

S wa(f B

) C(L+*wgf*r +*wgf* 1 )4
0

|
t

*Twg(f' B(9)*L ds,

which together with the Gronwall inequality yields the uniqueness, fi.e., f-
Multiplying (5.9) by 1, v, |v|2 andF™ 1, integrating by parts and then taking
the limitm 3 +! | one can directly obtainl(5D(.8).
Finally, if Fo (or equivalentf) is continuous, itis directto check thaf* 1(t, x, v)
(or equivalentf " 1(t, x, v)) is continuous if0,! )- ! - R2. The continuous of
f(t, x,v) is an immediate consequence of gug ;, *( f 1l f)(s)*r 3 Oas
n3+! . Therefore the proof of Propositichlis completed. /
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