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Abstract

This paper is the first one of two serial articles, whose goal is to prove convergence
of HX Preconditioner (proposed by Hiptmair and Xu [14]) for Maxwell’s equations with
jump coefficients. In this paper we establish various extensions of the regular Helmholtz
decomposition for edge finite element functions defined in three dimensional domains.
The functions defined by the regular Helmholtz decompositions can preserve the zero
tangential complement on faces and edges of polyhedral domains and some non-Lipchitz
domains, and possess stability estimates with only a logarithm factor. These regular
Helmholtz decompositions will be used to prove convergence of the HX preconditioner
for Maxwell’s equations with jump coefficients in another paper [15].
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1 Introduction

The (orthogonal or regular) Helmholtz decomposition says that any vector-valued function
in H(curl) space can be decomposed into the sum of a H' vector-valued function and the
gradient of a H'! scalar-valued function (refer to [10] and [9]), and the decomposition is stable
with respect to the standard norms. The regular Helmholtz decomposition is nicer than the
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orthogonal Helmholtz decomposition in the sense that the regular Helmholtz decomposition
is valid on the general Lipchitz domains, but the orthogonal Helmholtz decomposition hold
only on smooth domains or convex domains. Own to the Helmholtz decomposition, the
problem for a H(curl) functions can be transformed into the problem on two H' functions.

The Nedelec edge finite element method (see [24]) is a popular discretization method of
Maxwell’s equations. The Helmholtz decompositions for the edge finite element functions,
which is called discrete Helmholtz decompositions, play a key role in numerical analysis,
especially in the convergence analysis of preconditioners, for Maxwell’s equations (see, for
example, [12] 14, 17, 18| 19, 25l 28] 29]). However, in applications nonhomogeneous medium
is often encountered, and so some weighted norms have to be introduced. A natural question
is: whether the discrete Helmholtz decomposition is still stable with respect to the weighted
norms? It seems not easy to give a positive answer to this question. The first work on
Helmbholtz decomposition in three dimensional nonhomogeneous medium was done in [17],
where a discrete weighted orthogonal Helmholtz decomposition was constructed and proved
to be almost stable with respect to a weight function.

This paper is the first one of two serial articles. The purposes of the serial articles are
to build a discrete weighted regular Helmholtz decomposition in three dimensions and to
prove the convergence of HX preconditioner [14] for Maxwell’s equations with jump coeffi-
cients based on the new Helmholtz decomposition. For these purposes, in this paper we first
develop some technical tools to derive various extensions of the discrete regular Helmholtz
decomposition in three dimensions. The standard regular (and orthogonal) Helmholtz de-
composition possesses a very important property: when the considered vector-valued func-
tion has zero trace on the boundary of the underlying domain, the functions defined by
the Helmholtz decomposition also have the zero trace on this boundary. We will construct
discrete regular Helmholtz decompositions on polyhedral domains such that the property
mentioned above can be kept when the boundary is replaced by a union of some local
faces and edges of the polyhedral domain. We can require that the functions defined by
the decomposition vanish at any vertex of the polyhedron, provided that the considered
vector-valued function satisfies a constraint for each vertex. In particular, we also estab-
lish the corresponding Helmholtz decompositions for some non-Lipchitz domains, which are
unions of two polyhedral domains whose intersection is just one edge or one vertex. We
will show that the regular Helmholtz decompositions possess stability estimates with only
a logarithm factor. These results, which are of interest themselves, will be used in [15] to
develop a discrete weighted regular Helmholtz decomposition, by which the convergence of
HX preconditioner for the case with jump coefficients will be further proved.

The outline of the paper is as follows. In Section 2, we define some edge finite ele-
ment subspaces. In section 3, we prove regular Helmholtz decompositions preserving zero
tangential trace on faces. In Section 4, we present several discrete regular Helmholtz de-
compositions preserving local zero tangential complements on edges and faces. In Section
5, we derive discrete regular Helmholtz decompositions on some non-Lipchitz domains.

2 Preliminaries

This section introduce some fundamental finite element spaces.



2.1 Sobolev spaces and norms

For an open and connected bounded domain G in R?, let H'(G) be the standard Sobolev
space. Define the curl-space as follows

H(curl;G) = {v € L*(G)3; curlv € L*(G)%}.

Set )
0c)2 veH(G))?

Ve = (vl g+ lIv

and
1
[V]leur,c = (leurl v||§ o + [[V[[§g)2 v € H(curl; G).

For a (may be non-convex) polyhedron G, let I" be a (closed) face or the union of several
faces of G. Define

Hr(curl; G)={ve H(curl; G): vxn=0onT}

and
HiG)={ve H(G): v=0onT}.

2.2 Edge and nodal element spaces

For a polyhedron G, let G be divided into smaller tetrahedral elements of size h, and let
Tr denote the resulting triangulation of the domain G. As usual, we assume that the
triangulation 7j is quasi-uniform. We use &, and N}, to denote the set of edges of 7, and
the set of nodes in 7 respectively. Then the Nedelec edge element space, of the lowest
order, is a subspace of piecewise linear polynomials defined on 7y:

Vi(G) = {v € H(curl; Q); v|x € R(K), VK € Th},
where R(K) is a subset of all linear polynomials on the element K of the form:
R(K) = {a+b xx; a,beR3 xe¢ K}

It is known that, for any v € V;(G), its tangential components are continuous on all
edges in &, and v is uniquely determined by its moments on each edge e of Tj:

My (v) = {)\e(v) = /v -teds; e € Eh}
e

where t. denotes the unit vector on edge e, and this notation will be used to denote any
edge or union of edges, either from an element K € T, or from G itself. For example, for a
face F of GG, the notation tyr denotes the unit vector along OF. For a vector-valued function
v with appropriate smoothness, we introduce its edge element interpolation r;v such that
rpv € V3(G), and rpv and v have the same moments as in Mj(v). The interpolation
operator rp will be used in the construction of a stable decomposition for any function
vy € Vh(G).

As we will see, the edge element analysis involves also frequently the nodal element
space. For this purpose we introduce Z;(G) to be the standard continuous piecewise linear
finite element space in H'(G) associated with the triangulation 7j,.

Define

Vi(0G) ={(v x n)|ac; v € Vi(G)},



Z)(G) = {q € Zu(@); g =0 on OG}

and
VUG) = {v € V4(G); v xn =0 on dG}.

Throughout this subsection, we shall consider a (may be non-convex) polyhedron G. We
will often use F, E and Vv to denote a general face, edge and vertex of G respectively, but
use e to denote a general edge of T}, lying on 0G.

From now on, we shall frequently use the notations < and Z . For any two non-negative
quantities x and y, x < y means that @ < Cy for some constant C' independent of mesh
size h, subdomain size d and the possible large jumps of some related coefficient functions
across the interface between any two subdomains. x — y means ¢ < y and y < x.

3 Regular Helmholtz decompositions preserving zero tangen-
tial trace on faces

In this section we develop regular Helmholtz decompositions for vector-valued functions that
have zero tangential trace on some faces of a polyhedron. We use the notations introduced
in the previous section.

Lemma 3.1 For any v € Hr(curl; G), there exists a vector-valued function ® € (HE(G))?
and a scalar function p € HL(G) such that

v=2o+ Vp. (3.1)

Moreover, we have

[®]1,¢ S lleurlvlloc and |plic < [Vieurc- (32)
In particular, if v = vy € Vi,(G), then
vy =1, P + Vpy (3.3)
with pn, € Zn,(G) N HL(G), which satisfies
Ipnllie S IVllcura- (3.4)

Moreover, there exist ), € (Z,(G) N HE(G))? and Ry, € Vi,(G) N Hr(curl; G) such that
vh = 1P + Vpp + Ry, (3.5)

and

oc and h YRy

1®nll1e < [leurlv

lo.g < |leurlvlpq. (3.6)

When either G is convex or I' contains the concave part of OG, the functions @, p, 5, and
pn defined above satisfy the estimates

[@[l1¢ S [leurlvlog and [[@loc+ lplhe < Ivioc (3.7)

and
|®n

16 S lleurlvioe and |[®p

06+ lpnllie < vl (3.8)



Proof. The proof follows the arguments in [9, [25]. Let B be a polyhedron domain containing
G as its subdomain such that 0G N 9B = JG\I' and the size of the complement D = B\G
is a positive number independent of h. It is easy to see that 0G N 9D =T'. We extend v
onto the global B by zero, i.e., the extension v satisfying v = v on G and v = 0 on D.
Since v x n = 0 on I', we have v € H(curl; B). By the regular Helmholtz decomposition
(Lemma 2.4 in [13]), we get

v=w+Vy onB, (3.9)

with w € (H'(B))? and ¢ € H'(B)/R. Moreover, w and ¢ satisfy
[wlli,p S l[eurlvlos = [lcurlvijoc and |¢lli5 S [Vlew,s = [[Vlleurra.  (3.10)

When either G is convex or I' contains the concave part of G, we can require that B is
also convex. Then, by the orthogonal Helmholtz decomposition in [10], we have

[wll1,5 < llcurlvljoe and ||w

0.8+ [[¢lle < Iviog: (3.11)

Noting that v = 0 on D, we have Vi = —w on D, and so ¢ € H*(D). Let ¢ € H?(B) be
the stable extension of ¢ from D onto the global B. It follows by (3.9 that

v=(w+Vp)+V(p—¢) onB. (3.12)

Define ® = w + V@ and p = ¢ — $. Then we have ® € (H'(B)? and p € HY(B),
and they satisfy . Since ® = 0 on D, we obtain ® = 0 on I', which implies that
(Vp) xn=(v—®) xn=0onTI. Therefore ® € (H}:(G))? and p € HL-(G).

By the definition of ® and the first inequality in @D, we get

e < lwlhie+ [1@lze
S leurlvijoc + ll¢ll2,0
S leurlvloe + [[wlli,p
S leurlvijog + w5
<

lcurlv|jo .

We can further obtain the second inequality of (3.2)) by (3.1). The decompositions (3.3) can
be obtained by the property of the interpolation operator ry,.
Let Qp, : (HE(@))? = (Zn(G)N HE(Q))? denote the L? projector. Define ®;, = Qp® and

Rh = I‘h(I — Qh)q) = (I — Qh)q) + (I‘h — I)(I — Qh)(I).

Notice that both Qj, and rj, possess the optimal L? approximation on the space (H'(G))3,
the estimate (3.6)) can be derived immediately. The estimates (3.7) and (3.8]) can be verified

similarly by using (3.11)). it

Remark 3.1 The key tool in the above proof is the well known extension theorem for the
considered domain. The extension theorem was extended to more general domain in [20)].
This kind of domain, which is called (g,0) domain or Jone domain, can be highly non-
rectifiable and no reqularity condition on its boundary, and includes the classical snowflake
domain of conformal mapping theory and small perturbation domain of a polyhedron, where
some face of the perturbation domain is a union of faces of some elements and is not a plane
face. Thus Theorem 3.1 s also valid for Jone domain, in which T' may be heavily irregular.



As we will see in [15], the second inequality in will play key role in the analysis
for the case that the zero order term in the considered Maxwell equations is dominated.
Unfortunately, the results do not hold yet when G is a non-convex polyhedron (unless I'
contains the concave part of 9G), cf. Remark 4 in [14]. In the following we establish slightly
weaker results for such situation. To this end, we first give a simple auxiliary result.
Proposition 3.1. Let G be a polyhedron, and assume that wy, € (Z;(G))3. Then we have
curl (r,wy) = curl wy, and |[rpwyllo.c < [[walloa-

Proof. Let Wj,(G) denote the Raviart-Thomas finite element space of the lowest order,
and let II; be the interpolation operator into Wj(G). Since wj, € (Zy(G))3, we have
curl w;, € W;(G). Then

curl (rpwy) = Icurl wy, = curl wy,.

The desired inequality can be derived by the approximation property of rj and the inverse
estimate of finite element functions. i

The following results give a slightly weak L? stability of the regular Helmholtz decom-
position for the case of non-convex polyhedron.

Theorem 3.1 Let G be a non-convex polyhedron, which is a union of several convexr poly-
hedra, and let T be a union of several faces of G. Assume that vy, € Vi(G) satisfies
v, xn = 0 on I'. Then there exist p, € Z(G) N HE(G), wy, € (Zy(G) N HE(G))? and
R, € V(G) N Hr(curl; G) such that

Vi = Vpp +1tWh + Ry, (3.13)

with the following estimates

[whll1e S log(1/h)llcurlvpllo,  [[Whlloc + [pallie < log(1/h)|[vallo.c (3.14)

and
Ryl < log(1/h)|lcurl vy o, (3.15)

Proof. Without loss of generality, we assume that G is the union of three cubes: G =

D1 U Dy U D3 with Dy = [0,1]3, Dy = [1,1] x [0, 3]? and D3 = [0, 3] x [%,1] x [0, 3.

Figure 1: A non-convex polyhedron composed of three cubes



We divide the proof into two steps.

Step 1. Build the desired decomposition.

We first build a decomposition of v on Dy by Lemma [3.1] Since D; is convex, the
function vy 1 = vp|p, admits the decomposition

Vi1 = Vpp1+rywh1 + Ry on Dy, (3.16)

with pp1 € Zx(D1), Wni € (Zn(D1))3 and Ry 1 € Vi, (D1), which satisfy pp1 =0, wp1 =0
and Ry 1 xn =0on 0D; NT (when 0D; NT' = (), we can require that pp; has the zero
average value on Dj). Moreover, we have

(3.17)

Whilli,p, S llearlvpallop,,  Waillo,py + lIPallp, <

and
S [leurl vy 1lo,p, - (3.18)

Secondly, we extend wy, 1 and pp, 1 into Dy and D3 in a special manner such that some
stability can be satisfied.

For k = 2,3, set Fi;;, = dD1 N 0Dy, and let ¥g,, be the finite element function defined
in [6] and [30]. This function satisfies ¥, (x) = 1 for each node x € Fy;\OF 1%, V7, (x) =0
for x € OD1\F1, and 0 < ¥y, § 1 on D;. Let 7 denote the Standard interpolation
operator into Z,(D1), and define Wh = (Y, Wh,1) (k= 2,3). Then Wh b€ (Zy(Dy))?

and wzll’“ 0 on 0D;\F1x (k = 2,3). By the extension theorem and the Scott-Zhang
interpolation [27] , we can show (refer to the proof of Lemma 4.5 in [21]) there exists an
extension w,Ijl € (Zn(G))? such that W}Ijllk = w,ljll’“ on Dy, W,}zll’“ vanishes on 0Dy \Fij

(k = 2,3) and satisfies

1%, o S Iwiklup, and 1wy llop, S Wk llop,  (k=2,3).  (3.19)

Set F? = OF15 UF13, and let \i’?l 1 € (Z1(G))? denote the natural zero extension of Wy, 1 |po.
Define wy, 1 as follows:

- - _F )
Wh1 =Wp1 on Di; Wy = whjllk +Whalp, on Dp (k=2,3).

It is easy to see that W1 € (Z,(G))3.

We define the extension py, 1 € Z(G) as follows: pp1 = pp,1 on Dq; Dh,1 vanishes at all
the nodes in 0Dy \F1, (k = 2, 3); pp1 is discrete harmonic in Dy, (k = 2,3). Let f{h,1 € Vi(G)
be the natural zero extension of Ry, 1. For k = 2,3, we define

V;kL,k = Vh‘Dk - (VﬁhJ + I‘hV~Vh71 + Rh,l)‘Dk on Dy. (3.20)

It is easy to see that v; ; X n =0 on Fi; U (0D NT) (k= 2,3).

Now we build the desired decomposition based on a Helmholtz decomposition of the
function v} , (k = 2,3) defined above.

Notice that Dy, is a convex polyhedron. It follows by Lemma that the function vy ,
admits the decomposition

V;;k = Vp;k + I'hWZ,k + RZ,k on D (k=2,3), (3.21)

with p, . € Zn(Dy), Wi 1, € (Zn(Dy))® and R}, € Vi(Dy) (k = 2,3), which satisfy p;, , =0,
W = 0 and R, xn=0onF; U(@DyNT) (k=2,3). Moreover, for k = 2,3 we have

[Whillo,e S lleurl vy, illo.oy, S [Vhgllo.ny (3.22)



and

W HRG kllo,p, S lleurl vy illo.p,.- (3.23)

Since pj .., Wy, . and R}, have the zero degrees of freedom on Fii, we can naturally
extend them into G by zero. We denote the resulting zero extentions by pj, ., Wy, , and
15{2 - Define

3 3 3
Ph=Phi+ Y Phps Whn=Wni+ Y Wi, and Ry=Ru1+ ) Rjy.
=2 k=2 k=2

It is easy to see that pp, wp and Ry have the zero degrees of freedom on I'. Using the
local decompositions and , together with the relation (3.20f), we get the global
decomposition of vy,

vy = Vpp +rpwp + Ry, (3.24)

Step 2. Derive the stability estimates.
From the definition of wy, we have

3

16+ > I1Wisllog (3.25)
k=2

For k = 2,3, by (3.22) and (3.20)) we can deduce that

[Whkll1,p, S [lcurlvy

[whllie S [[Wha

0.0 < lleurlvyfo.p, + [leurl(ry, %y 1) llo,p, + [lcurl Ry, 1[lo,p, -

Applying Proposition 3.1 and the inverse estimate to the last two norms in the above
inequality, we get

Wi illio, S lleurlvyllo,p, + llcurlWy1llo,p, + -~ Raallo,ny
< lo,D; - (3.26)

leurlvillo,p, + [Wnill10, + 5" [Raa

Here we have used the relation |Ryp10.0, < [[Rnillo.p,, which can be verified directly by
the definition of Rh,1~ Substituting (]3.26[) into (]3.25[), and using 1)1' yields

3
Wl S leurlviloe + > IWhallp,- (3.27)
k=2
Similarly, we can show
3
Iwhllo.g < Ivallog + > IIWnallo.n,- (3.28)
k=2

It suffices to estimate || Wy, 1||1,p, and ||Wp.1ll0,p, (kK =2,3). By using Lemma 3.36 in []

and Lemma 4.24 in [30], we get for k£ = 2,3
lwy ¥ ll1,p0 < og(L/B) Wi, 1,0, -
Combining this inequality with (3.19)), leads to

HWfFL‘,llkHLDk < log(1/h)||Whall1,p; - (3.29)



On the other hand, from the “edge” lemma (cf.[30] and [31]), we have

1
1,0, S whillor,, Slog2(1/h)|whallip, (K =2,3).

W74
By the definition of Wy, 1, together with (3.29) and the above estimate, we deduce that
IWh,ill1,p, Slog(1/h)[[Whillip, (K =2,3).

Plugging this into (3.27)), gives the first estimate in (3.14)).

It is easy to see, from the definitions of W,ljll’“ and Gvg,l, that

F ~
Iws 3 llo.py S Iwnallo,py  and (1w yllo,p, < IWnillop,  (k=2,3). (3.30)

This, together with the second inequality in , leads to
[Whillo,pe S IWhallop,  (k=2,3). (3.31)
Substituting this into (3.28]), yields
IwWrllo,e < [Ivallo,c- (3.32)

In the following we estimate ||py|/1,¢. If suffices to consider ||||pn,1|1,p,. Since pp 1 is
discrete harmonic in Dy, we have

1Pn1ll.0y S IPnalls op, (B =2,3). (3.33)
Define the interpolation operators Iglk and IgFlk as follows: for ¢, € Z;,(G), the function
Iglkwh (resp. IgFlkwh) equals ¢y, at the nodes in the interior of Fyj (resp. on OFi;) and
vanishes at all the other nodes (resp. at all the nodes not on 9F;;). From the definition of
Dh,1, we have pp, 1 = ]lgmﬁhJ + IgFlkﬁh’l on ODy. Then, it follows by 1' that

~ 0 =~ 0 ~
1Pnallios S [He,Brally op, + o, Pralls op,
< 1% 5
S Flkph,IHHO%O( .

= L+
lpnll g : [pn,1

00( 1k

: + 1|Pn,11l0,0F

0,0F 15+

Therefore, by using the “face” lemma and “edge” lemma (cf.[30] and [31]), we further obtain
1n1 11,0, S log(1/M)PnallL op, Slog(1/M)lprallioy (k= 2,3).

Then, as in the estimate for ||wy||1,¢ (but (3.31) needs to be used), we get

Ipnllne S log(1/h)||vhllo,c-

Combining this with (3.32]), gives the second inequality in (3.14]). Moreover, we can similarly
derive (3.15)) by (3.18) and (3.23]). #

Remark 3.2 The construction of the decomposition 1s a bit technical. The main
difficulty comes from the definition of the vector-valued function wy, which must satisfy
L? stability. A natural idea is to extend wp1 onto G such that the extension is discrete
harmonic in Dy and Ds, but the resulting extension may not satisfy the L? stability .




4 Regular Helmholtz decompositions preserving local zero
tangential complements

In this section we present regular Helmholtz decompositions for vector-valued functions that
have zero tangential complements on some edges of a polyhedron. To this end, we need to
build a serials of auxiliary results. Before giving these auxiliary results, we introduce a
discrete curl-harmonic extension and describe its stability.

The discrete curl-harmonic extension operator E; : V4(0G) — Vi(G) is defined as
follows: for any ® € V;,(0G), E;,® € Vi, (G) satisfies E;,® x n = ® on dG, and

(curl E;,®, curlvy) =0, Vv, € VP(G)

and
(En®, Vqn) =0, Vg, € Z)(G).

Let div; be the tangential divergence defined in [I], which was called surface curl in
[29]. For vj, € V}(G), we have curlgvy = div.(n x vp) = (curl vp,) - n; see [I]. For ease of
understanding, we directly use the notation (curl v;) - n in the rest of this paper.

The following result can be found in [IJ.

Proposition 4.1 (trace inequality of vector-valued function) For any v;, € V,,(G), we have

l(eurl vi) 0 s o6 5 lleurl villo, ¢ (4.1)

i

Proposition 4.2 (stability of the curl-harmonic extension) For any v, € V,,(G), we have
leur] (B (vi x m)lac)lloe < ll(curl vi) 0l s o (1.2)

Proof. Set ® = (vj, x n)|sg. Let q(®) € H(curl; G) be defined by (4.22)-(4.23) in [19] (see
also [1]), and define w(®) = curl ¢(®). Then, by (4.22)-(4.23) in [19], we have w(®) xn = &
and we can verify that (notice that div ¢(®) = 0 from Lemma 3.5 in [I])

1
|lcurlw(®)|5.¢ < [|dive®||s_1 5> V0 € [0,00] for some g € (5, 1).
27

Define wj,(®) = r,w(®P). By the interpolation estimate in [2, [7] and the inverse estimate in
[2], we can further show that

leurl W, ()]lo¢ < [ldiv-®]| 1 o0

Now the inequality (4.2)) is a direct result of the above estimate and the minimal property
of energy of E,(®). i

Lemma 4.1 Let ¥ be a (closed) face of G, and assume that vy, € Vi,(G) satisfies vi,-tgr =0
on OF. Then there exist p, € Z,(Q), wi, € (Zn(G))? and Ry, € Vi,(G), which satisfy pp, = 0,
wy, =0 and Ry, - tgp = 0 on OF, such that

Vi = Vpp + 1awWh + Ry, (4.3)
with the following estimates
[whll1c S log(1/h)llcurlvillog, [[Wallog + [[PrllLe Slog(1/R)[[vlee — (4.4)

and
hHRalloe S log(1/h)|curl viloq- (4.5)

The conclusion is also valid for the case when F is replaced by a union of some faces.

10



Proof. We separate the proof into two steps.

Step 1: Establish the desired decomposition.

Let v, r € V4(G) be an extension of (v x n)|g into V,(G), such that Ac(vyr) = 0 for
any e C F. = (OG\F) U JF, and it is discrete curl-harmonic on G. It follows by Lemma [3.1]
that vj, p admits the decomposition

Vir =T Pur + Vprr + Ry p (4.6)

with @ € (Z,(G) ﬁH%C(G)):)’, Prr € Zn(G) HH%C(G) and Ry, p € Vj,(G). Moreover, they
satisfy

®nrllc S llcurlvirlloc,  1®nrlloc + I rlle Slog(l/h)|[verloc (4.7)
and
KRy rloc < lleurlvyploc- (4.8)
Then we define
ViF =Vh — (Vphr + 4P F + Ry w). (4.9)

We can check that vj, pxn = 0 on F. By Lemma the function Vg j, has the decomposition
ViF = Vih + 1% + Ry, (4.10)

for some py, € Z,(G) N HA(G), &1, € (Zy(G) N HL(G))? and Ry, € Vi (G), such that

1@nllc S lleurlviploc,  1@nlloc + lIBalh.e S log(1/h)1¥nrloc (4.11)

and A
h Rl S lleurl ¥y plloc- (4.12)

Define
wp =®@pp + Py, pp =ppr+pPr and Ry =Rpr + Ry

Then we get the decomposition
v, = Vpn +rwh + Ry, (4.13)

It is easy to see that p;, and wy, vanish on OF, and so Ry, - tgp = 0 on OF.

Step 2: Verify the desired estimate (4.4]) for the decomposition (4.13]).
By the definition of wj, and the triangle inequality, we have

Iwhll1.e S N®hrlle + 1Pnllc-

This, along with (4.7), (4.11)) and (4.10]), leads to

Wil ¢ < leurlvyglloe + |lcurl vy, o
<

lcurl vy, pllo,¢ + ||curl (rhti)h)Ho,G + ||curl f{h”O,G

Then, from (4.11)), (4.12) and (4.9)), together with (4.7) and (4.8]), we further get that

0,¢ + lleurlvy|lo.c- (4.14)

IWall1, ¢ < lleurlvyp
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Therefore, by the definition of v;, p and using the stability of curl-harmonic extension, we
have

|(curl v, ) - nH_;@G + [[eurl vy |lo,c

[wh S
< J[(curl vy) - n]L%’F + [[curl vy o.c. (4.15)

1, G

On the other hand, using the known face H ~3-extension (cf. [16],[18] and [29]) and the
trace inequality, we obtain

[(curlvy) -nf_1 g < log(1/h)[(curl vi) - nf|_1 5o S log(1/h)[lcurl vi[loc-

Substituting this into (4.15)), yields the first inequality of (4.4). The second inequality in

(4.4) and the inequality (4.5)) can be derived similarly. il
From the above proof, we can obtain the following result

Corollary 4.1. Let F be a (closed) face of G, and I' be a union of several faces of G.
Assume that v, € V}(G) satisfies vy, - tgp = 0 on OF and v x n = 0 on I'. Then there exist
ph € Zn(G), wi, € (Z,(G))? and Ry, € V3, (G), which satisfy p, = 0, wj, = 0 on I' U 9F and
Ae(Rp,) = 0 for any e C I' U OF, such that

vy, = Vpn + rwh, + Ry, (4.16)
Moreover, we have the following estimates

lwhllic S log(l/h)|curl vy,

lo.gs IWhllo.g + [lpallie S log(1/h)[[v]lo.c (4.17)

and

h™[Rallo.g < log(1/h)|curlvalloc. (4.18)

Proof. As in the proof of Lemma we set F. = (OG\F) U OF and use Lemma 3.1 for ¥¢
and I' U F, respectively. i

Lemma 4.2 Let E be a (closed) edge of G, and vy, be a finite element function in Vj,(Q)
such that vy - tg =0 on E. Then vy, admits a decomposition

v, = Vp, +rpwy, + Ry,

for some py, € Zy(G), wy, € (Zy(G))? and Ry, € Vi (G), which satisfy p, = 0, wj, = 0,
Ry -tg =0 on E. Moreover, the following estimates hold

Lo S log(1/h)|[vlleurnc (4.19)

Iwalle < log(1/h)|lcurl valo, lpn

and
lleRhHQG S log(1/h)||curl vy ||o G- (4.20)

The conclusion is also valid for the case when E is replaced by a connected union of several
edges on one face of G.

Proof. We separate the proof into three steps.

Step 1: Establish an edge-related decomposition.

Let F be a face containing the edge E. We first consider a decomposition of the tangential
component vy, - tygp of v on 9F. For convenience, we write E° = JF\E. Let s be the arc-
length along E€, taking values from 0 to lg, where [y is the total length of E¢. In terms of
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s, the function vy, - tge is piecewise linear on the interval [0,ly], denoted by v(s). Then we
define

lo t
cEzl/O o(s) ds, ¢E(t):/0 (0(s) — Cu)ds, ¥t e [0,h].

lo
Clearly we see ¢g(t) vanishes at t = 0 and ly. We can extend ¢y naturally by zero onto E,
then extend by zero into G and G such that its extensions ¢g € Zh(G). In the following,
we define an extension Cg of Cg such that Cg belongs to (Z,(G))? and vanishes on E.
Moreover, we require that Cp satisfies (rhCE) tsr = Cp on E€ = JF\E and

ICElly ¢ < IOkl (4.21)

Let = denote the set of the nodes on G, and let & denote the set of the nodes in E. Then
the values of the vector-valued function Cg on the nodes in G\S are deﬁned to be zero.
Moreover, the values of the vector-valued function CE on the nodes in & are defined such
that Cf is linear on each (coarse) edge on E® and HCEHOEC reaches the minimal value under

the constraint (rhéE) -tgr = Cg on E°. Notice that the number of degrees of freedom of
the function Cfg, which equals three times the number of vertices in E€, is greater than the
number of coarse edges contained in E°. Then the minimization problem (with a quadric
subject functional and compatible linear constraints) has a solution. In particular, if Cg = 0,
the desired vector-valued function Cy = 0. Since each edge on E€ is of size O(1), we have

|Cxllo.ge < |Crl-

Moreover, by the definition of Cg, and the discrete norms, we get
ICell; o S ICElloEe-

Thus the inequality 1) indeed holds. By the definitions of ¢p and Cg, one can verify
that (cf. [29]) that (since vy, - tg = 0)

Vi - tor = (Vo) - tor + (r,Cg) - top (4.22)

and
l¢rllLc < log(1/h)([[vrlloc + [[curlvi (o). (4.23)

Step 2: Construct the desired decomposition in Lemma [£.2] For the purpose, we set
Ve =vih — (Vg + 1;0p). (4.24)

By we know v, g - togp = 0 on OF. For the function v, g in , by Lemma one
can find functions py, € Zj,(G), Wy, € (Z,(G))? and Ry, € V,(G) such that p;, and Wy, vanish
on OF, and

ViE = Vin + Wy, + Ry,

with the following estimates
[Whlie S log(1/h)|lcurl Vi glloa, Pl < log(1/h)|[Vaglloc (4.25)

and
h ™ Rullg.q S log(1/h)|curl v gl o- (4.26)
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Now by defining
ph =05 +DPn, wWh=Cg+Ww, and Ry, =Ry,
we get the final decomposition
vy = Vp, +rpwy + Ry, (4.27)

such that pp, =0 and wj, =0 on E.

Step 3: Derive the desired estimate in Lemma for the decomposition (4.27]).
Noting that v, -tg = 0 on E, so vy, - tgp = 0 on E, we have by the Green’s formula on F
and change of variables (cf. [29]) that (with [ being the total arclength of OF')

1

: 1
Cg = / 0(s)ds = — / (curl vy) - nds. (4.28)
lo Jo lo J¥

Using the face H~/?-extension (cf. [16],[I8] and [29])) again, we have
1
. < 2 .
I(curl vi) -nfl_y p < log? (1/h)(eurl vi)-nl_s a6

and further get by (4.1))
| [ feurl vi) -nds S leurl vi) nil_y - 1y 5 S logh (1/m)feurl vi o
F b b

This, along with (4.28]), leads to

1
|Ce| < log2(1/h)]|curl vilo-

Then, by (4.21]) we obtain

~ 1
1CEll, o < logz(1/h)|curl vp[oc-

By the definition of wj, and the above inequality, together with (4.25)), (4.24) and (4.23)),
we deduce the first estimate in (4.19)

In a similar way, we can prove the second estimate in (4.19) and the inequality (4.20))
by (4.26). i

Remark 4.1 There is a key difference in the proof of the above lemma from that of Lemma
4.8 in [I7]: since the extension Cg in the above proof must belong to the space (Zn(G))3,
Cg can not be defined to be the natural zero extension of Cg as in [17]. The same problem

will appear in the proofs of the lemmas below.

Lemma 4.3 Let v be a vertex of G and vy, be a function in Vi,(G). Then we can write vy,
as

vy, = Vp, +rpwy, + Ry,

for some py, € Zyp(G), wi, € (Zr(G))? and Ry, € Vi, (G) satisfying pp(v) = 0 and wi(v) = 0.
Moreover, we have

IWrllic < log(1/h)|curl vy,

0G: Verllog < Ivalleure (4.29)

and
Ryl < log(1/h)|lcurl vy o (4.30)
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Proof. Consider a (closed) face F containing Vv as its vertex. Like Step 1 in the proof of
Lemma we can define ¢gp to be a function that is piecewise linear and continuous on
OF such that ¢sp(v) = 0, and define Car to be a constant such that v, - top = ¢hp + Cop
on OF. In fact, they can be defined as

t

1 l

Cor = l/ (Vi - tor)(s)ds, dor(t) = / (v - tor — Cor)(s)ds, Vit e [0,1],
0 0

where [ is the length of OF and ¢t = 0 (and ¢ = [) corresponds the vertex v. Let ¢ = vg(¢dar)

denote the average of ¢gr on E, where E is an edge or a union of several edges of F. Define

an extension ¢y € Z,(QG) of pgr, such that ¢y equals to the average ¢ = yg(¢gr) at all the

nodes on G except those on OF. Then (cf. [29])

IVévloe = V(dv—0)lloc S llpor—c

00F S l|0opll -1 (or) S 1og(1/h)[IVhlleurt, ¢ (4.31)

We define a similar extension Cy of Cyr with Cg (defined in Lemma , such that Cy
belongs to (Z;(G))? and vanishes at Vv, and it satisfies the condition (r,Cy) - togr = Csr on
OF and the stability

~ ~ 1
ICvIlLe S ICvIloor < ICor| < log2 (1/R)]|lcurl vy lo.c-

Define ~

Vv = vy — (¢v +1,0v).
Then we have Vj, v - tsgp = 0. As in the proof of Lemma we can use Lemma [4.1] for v, v
to build the desired decomposition of vy,

Remark 4.2 Comparing the second inequality in , we find that the second inequality
in holds only for the semi-norm of pn. The main reason is that a stable estimate of
lévllo,g can not be built except that the constant c in vanishes.

Lemma 4.4 Let T be a (closed) union of some faces of G, and E be a closed edge of G with
E Z . Assume that vy, € Vi (G) satisfies vip xn =0 on T and v, -tg =0 on E. Then vy,
can be decomposed as

vy = Vpn +rwhn + Ry, (4.32)

for some py, € Z,(G) and wy, € (Z,(G))? and Ry, € Vi,(G) such that py and wy, vanish on
T'UE. Moreover, we have

Iwhllie < log(1/h)lleurlvalog,  lpnllie < log(1/h)1Valleurc (4.33)

and
hHRalloe S log(1/h)|curl vilo.q- (4.34)

The result is also valid when E is replaced by a connected union of several edges on one face

of G.

Proof. The position relations between E and I' have two possible situations: (i) there exists
a face F containing E such that EU (FNT') is a connected set in OF (which includes three
cases: (a) FNT =0, (b) FNT is an endpoint of E, (¢) FN T is just an edge E' adjoining
E); (ii) ENT = 0 and the intersection of any face containing E with I' is an edge E’ that
does not adjoin with E, i.e., EUE’ is not a connected set in the boundary of this face. For
the situation (i), the results in Lemma can be built as in the proof of Lemma (for
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the case (c), we replace E by EUE' since the function v;, has the zero degrees of freedom on
EUE’), but using Corollary 4.1 instead of Lemma 3.1. Now we consider the situation (ii)
(see Figure 2). In this situation the lemma can not be proved as in Lemma since the
defining function or may not vanish on I', so we have to combine the ideas in the proofs of
Lemma [3.1] Lemma [4.1] and Lemma [£.2]

Figure 2: The small cube is G; the shaded part denotes I'; the large cuboid is the domain B

As in the proof of Lemma let B be a polyhedron domain containing G as its subdo-
main (when G is convex, we can require that B is also convex) such that 0G N 9B = 9G\T
and the size of the complement D = B\G is a positive number independent of h. It is easy
to see that G N OD =T'. We extend vp onto the global B by zero, i.e., the extension vy,
satisfying v, = v, on G and v, = 0 on D. Since v, xn = 0 on I, we have v;, € H(curl; B).
Of course, E is also an edge of the auxiliary polyhedron B.

We can construct an auxiliary grids in D, then we obtain a partition on the global
domain B. Let Vj(B) be the resulting edge finite element space on B. Then v}, € V;(B).
We choose a (closed) face F of B such that F contains E as its edge, and set F, = 8B \F)UOF.
Let gZ;E € Z,(B) and Cy € (Z, (B ))? be the functions defined as in Lemma Then ¢
and Cg, vanish on E, and (v, — Cr— ngE) top = 0 on OF. As in Lemmau7 but using the
continuous results and ., we can build a decomposition

Vi — Cp — Vog = V(pr + pr.) + (Wp + wg,) on B,
with pp € Hi(B), pr, € Hi (B), wg € (HE(B))? and wr, € (Hg, (B))?. Namely,
vy, = V((Z;E +pr +pr.) + (C’E +wp +wp,) on B. (4.35)

Moreover, the following inequalities hold

(1/h)||curlvylo B (4.36)
and 3
I¢Ell1,B + llpPllB + PP ll1,B < log(1/R)|[Valleurt,B- (4.37)
Define ¢ = ng +pr + pr, and w = Cr +wp + wp,. By , we have
vip=Ve+w on B. (4.38)
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Then p|p € H?(D) since w € (H'(B))? and ¥, = 0 on D. Let &y be a positive constant
independent of h. We choose a domain Dg C G such that Dg N D =T and the size of Dg
is about dyg. Notice that ENT = (), we can require dist(E, Dg) > dg. As in the proof of
Lemma 3.1, we can define a stable extension ¢ of ¢|p from D onto the global B such that
¢ € H?(B) and vanishes on G\ Dg.

Set p= (¢ — @)|c and ® = (W + V@)|g. Then p € HE(G) and ® € (HLE(G))3. It follows
by that

vi=vp=Vo+w=Vp+® ondG.

Then there is a function p, € Z,(G) such that
v, =rp(Vp+ @) =Vp, +r,® onG. (4.39)

Since p vanishes on I', the function p; also vanishes on I'. On the other hand, by the
definitions of p and ¢ we have

r,Vp = r,Vég + r,Vpp + 1, Vop, —1,V$ = Vég + Vour + Vorr, — Vén.

Moreover, from the definitions of (;EE, PF, pr. and ¢, we know that <;~3E, Ph,F, PhF. and @y
vanish at E (since dist(E, Dg) > dp). Thus p, = oE + PhF + PhF. — P vanishes at E.
Let IIj, : (HY(G@))? — (Z1(Q))? denote the Scott-Zhang interpolation operator, and define
wp, = I, ® and Ry, = rp(I — II;,)®. Similarly, we can show that wy, vanishes on I' and E.
Then the decomposition follows by .

The estimates in (4.33)) can be obtained by using -, the stability of the
extension ¢ and the approximation of II;, (refer to the proof of Lemma 3.1). Here we need
to use the fact that the stability constant of the extension ¢ is independent of i (since the
size dp of D¢ is independent of h). i

We point out that, if the edge E in Lemma is replaced by a vertex Vv (refer to Lemma
, we fail to obtain a similar result with Lemma . The difficulty comes from the fact
that the estimate does not hold yet if replacing ¢g, by dv (see Remark 4.2), so stability
estimates of the extension ¢ can not be built. Because of this, we have to take special care
for the case with a vertex.

Lemma 4.5 Let T be a (closed) union of some faces of G, and v be a vertex of G (Vv & T).
Assume that vy, € Vi,(G) satisfies vy, xn =0 on I'. If there exist a face F containing vV such
that vy, satisfies yg(por) = 0 for an edge E (or a union of several edges) of ¥ , where the
function ¢par was defined in the proof of Lemmal[].3, then the decomposition and estimates
in Lemma [{-4] still hold, with py, and wy, vanishing on ' and V. The results are also valid
when I is replaced by a connected union of several edges on one face.

Proof. We first consider the case with FNT" = (. As in the proof of Lemma [4.3] we define
¢y and Cy and set . )
Vv = v — (¢v +1Cv).

Then we have Ac(Vpv) = 0 for any e C OF UT" by the definitions of év and Cy, together
with the assumption yg(¢gr) = 0. Thus we can use Corollary 4.1 for v,y to build the
desired decomposition of v;, and the estimates (refer to the proof of Lemma [4.2]).

The case with FN T # () is a bit complicated. Let B and vj be defined in the proof of
Lemmaﬂ and let Cyr and ¢gr be defined in Lemma We use F C 9B to denote a face
of B such that F contains F (see Figure 3). We need to define two functions by € Zn(B)
and Cy € (Z,(B))3, which can be regarded as extensions of ¢gr and Cyp.

17



Figure 3: The left rectangle is F; the large rectangle denotes F.

At first we extend the definition of ¢gr onto OF. Without loss of generality, we assume
that FN T = E' be an edge of F, and F\F have four edges, one of which is just E and the
others of which are denoted by Ei, Eo and E3g, where E; and Eg are adjacent with E' but
E'NEy = (. Then OF = (JF\E') UE; UE2 UE3. For convenience, we use Vi, Vg, Vg and V4 to
denote the four vertices of F\F, where v; and v4 are two endpoints of E/, Vo and vj are two
endpoints of Es.

Let t; denote the arc-length coordinate of v; (i = 1,---,4) with ¢; < ta < t3 < t4. Define
bop € Zn(OF) as follows: ¢y = ¢or on OF\E' and ¢y is linear on E; (i = 1,2,3) with
Do (t1) = by (te) = dar(t1) and ¢yp(t3) = dyp(ta) = dor(ta). Then ¢y € Zp(B) is defined
such that ¢~>V = ¢4 on OF and it vanishes at all the nodes except on OF. As in the proof of
Lemma we define Cy € (Z5,(B))? such that: (i) Cy = 0 at v; (ii) ||C~'V||07315 reaches the
minimal value under the constraints (rhé’v) -ty = Cor on OF\E' and Eg, (rhé\/) “typ =0
on E; and Eg; (iii) Cvy vanishes at all the nodes except on dF. Since vy, - tg = 0, PoF is
also linear on E' and ¢gr(t4) — ¢par(t1) = —Cpr. Thus, by the definition of ¢, we have
(15’615 = —Cyp on E3 and ¢:915 = 0 on Eq and Eg. Furthermore, we can verify that

(Vi — Vv — Cv) - typ = (Vi — Cy) - typ — ¢y =0 on OF.

Then the results can be built as in the proof of Lemma 4.4l To this end, we need to estimate
|Cvll1,5 and [¢v[[1,p as in Lemma Thanks to the assumption vg(¢or) = 0, the L?
norm ||¢v|o B is also bounded with a logarithmical factor only. i

Remark 4.3 The condition vg(pgr) = 0 in Lemma seems absolutely necessary. In
fact, we can construct a counterexample: define vy, = Vo, with ¢ € Zy(G) and vanishing at
all the nodes except v, and choose I' as a union of all the faces that do not contain v. For
this example, the decomposition satisfying the conditions in Lemma[].5 does not exist since
the estimates mean that wp, = Ry = 0 and so Vp, = vy, = Vo, by the decomposition, i.e.,
Pn — Op=const, but the function py — ¢ must vanish on I' and does not vanish at v.

Lemma 4.6 Let Eq,---,E, be (closed) edges of G, which satisfy £, NE; = 0 for any two
different j and . Assume that vy, € Vi, (G) satisfies vy, -tg, = 0 on each E;. Then vy, can be
decomposed as

Vi = Vpp +1awWh + Ry,
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for some py, € Z,(G) and wy, € (Z,,(G))? and Ry, € Vi,(G) such that py, and wy, vanish on
each edge E;. Moreover, we have

[whll1e S log(1/h)llcurlvilog,  lpnllie S log(1/h)vallcurra (4.40)

and
hilHRhHQG S log(1/h)||curl vy ||o.G- (4.41)

The results are also valid when E; is replaced by a connected union of edges on one face.

Proof. We first consider a simple case that, for each E;, there exists a face ¥; C 0G such
that F; contains E; and the intersection of F; with the other edges is connected with E; (a
particular case is that the face F; does not adjoin the other edges). For each Ej, let E] be
the intersection of ¥; with the other edges. By the assumption, E; U E; is a union of several
connected edges of the face F;. Regarding E; U E] as the edge E in the proof of Lemma
and almost repeating the proof process (but using Lemma 3.1 for I' = Ufi 1F1), we can build
the desired results.

If the above condition is not met, the proof of this lemma is a bit technical. Without
loss of generality, we assume that this condition is not satisfied for each E; (An example is
that E1, Eg, E3, E4 are just four parallel edges of a cube G, see Figure 4). This means that,
for each edge E;, any face containing E; must contain another different edge E; that is not
connected with E;. In this situation, the above proof is not practical since the functions (513
and Cf defined in the proof of Lemma may not vanish on Ey.

G /|

L £,

N
/

G

Figure 4: An example with four edges: the left shaded polyhedron denotes the
subdomain G/, the middle polyhedron denotes Gj,.

Notice that the considered edges are disjunct each other, we can decompose G into a

union of non-overlapping subdomains Gy, Gy, -+, Gy, such that: (i) each subdomain Gj is
a polyhedron with the size O(1); (ii) G;N G = 0 for j # 1 (I,j # 0), and Gy just has a
common face I';, with each Gj (I # 0); (iii) for [ = 1,---,m, the subdomain Gj contains E;

as one of its edges, but the subdomain Gj, does not intersect with any E;. In general we
can not require each subdomain Gj to be a union of some elements. Because of this, for
each [ we choose a small perturbation G; of G}, where G; is a union of all the elements K
satisfying meas(K N G;) > smeas(K) (meas(D) denotes the measure (i.e., volume) of the
domain D). It is clear that G is not a usual polyhedron since I'g; = Gy N G} is not a plane
face yet. Fortunately, all the subdomains {G;} still constitute a union of G and keep the
other properties of {G}}.
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For each E;, we use Lemma to build a Helmholtz decomposition

v, = rhwg) + Vpgll) + Rg) on G, (4.42)
with wg) and pg) vanishing on E; (but may not vanishing on the other edges). The decom-
position is stable with a logarithmical factor. Let dy be a given positive number independent
of h. For I = 1,---,m, we choose a ball D; containing G, such that dist(0D;,0G;) > doy
and D; does not intersect with any G; for j # 0,1. Since G is a small perturbation of the

polyhedron G}, there exists an extension W) (resp. p)) of wg)\gl (resp. pg)|Gl) such that:
(a) W) e (H'(R?)3 (resp. pi) € H'(R?); (b) W) and ) vanish on the outside of Dj; (c)
WO lao < W, and 5016, < 0 [l1.cy- For cach I, let R € V,(G) denote the
standard zero extension of R;Ll) |,. Define

v =vi =Y (% + V5O + RY) on Go. (4.43)

=1
It is clear that \7,(10) € H(curl; Gp). Since w®, 50 and f{g) vanish on C_?j for j # 0,1, by
1) we have \720) xn=0onTlyforl=1,---,m. By Lemma 3.1 (refer to Remark 3.1),

f/ho admits a stable decomposition
70— wO £ v on G (4.44)

for w(©) e (H'(Gy))? and p(¥ € HY(Gy), with w(?) and p(*) vanishing on T'g; forl = 1,-- -, m.
Combing (4.43]) and (4.44)), we have
vi =% + V5O + 3" (% ® + V50 + RY) on Go.
=1

Thus . .
vi = (W0 + 3w 0) 1 vp” + TR on Gy (4.45)
=1 =1
PRI (1) R ©0) _ <(0) | = ~()
with p,’ satisfying Vp, rp V('Y + > p\Y).
=1

Let IIj, : (HY(Go))? — (Z1(Go))3 denote the Scott-Zhang interpolation operator, which
can preserve the values of a linear polynomial on some elements of the boundary 0Gp. Define

w =I,%® + Y W) and R = (7 - ) (WO + 3" w0) + STRY.
=1 =1 =1

Then (4.45) can be written as

vy, = rhw,(lo) + Vpglo) + R,(zo) on Go. (4.46)

: 0 _ O o _ @ — 1. SR :
It is clear that w,” = w,;” and p;” = p,” on I'g; for [ = 1,---,m, which implies that
REZO) Xn = Rg) on I'y; for I = 1,---,m. Thus we naturally define wj,, = W}(Ll), P = pg)

and Ry = Rg) on Gy for [ = 0,1,---,m, and we have wj, € (Z,(G))3, pr € Zn(G) and
R}, € V4(G), which have the zero degrees of freedom on all the edges E;. It is easy to see
from (4.42) and that the desired Helmholtz decomposition is valid for the defined
functions. Besides, we can verify that the resulting Helmholtz decomposition is also stable
with a logarithmical factor. i
We can replace the edges in Lemma [4.6] by vertices, and we have the following lemma
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Lemma 4.7 Let vy, € Vi(G) and vy,---,Vy, be different vertices of G. Then there exist
functionals F; (1 =1,---,m) defined on Vi(G) such that every function vy, satisfying the m
constraints Fivy, =0 (1 =1,---,m) can be decomposed as

vy = VP}L +rpwy + Rh

for some pp, € Zp(G) and wy, € (Z1(Q))? and Ry, € Vi,(G), with p, and wy, vanishing at
each vertex v;. Moreover, we have

[wrllie <log(1/h)|[curl villoa,  lpnllie S log(1/h)vhllcurre (4.47)

and
hHRalloe S log(1/h)|curl vilo.q- (4.48)

Proof. At first we assume that , for each v;, there exists a (closed) face F; C OG such that
F; contains v; but ¥, N F; = () for any 7 # [. For each vy, let ¢y, and Cy, be the functions
defined as in the proof of Lemma [£.3] Define

m

Vi, = Vp — Z(V&Vz + I‘hé'vl).
=1

Then v, - tgp, =0 on OF; for [ =1,---,m. Asin Lemma we use Lemma 4.1 to build a
decomposition of v and further get a decomposition of vy. Let E; C OF; be an edge (or a
union of several edges) of F;. For each [, define a functional F; as F;vy, = vg,(¢sr,), where
¢or, is defined as in the proof of Lemma and g, (¢or,) denotes the average of the function
¢or, on Ey. If vy, satisfies Fyvy, = 0 for [ = 1,---,m, then the functions qZNJVl and C’vl vanish
at all the vertices vi,---,m, which implies that the resulting decomposition is the desired
decomposition of vj,. Moreover, the norm ||¢v, |lo.¢ has nearly optimal estimate because of
the constraint Fjvy, =0 (I =1,---,m) and so ||py|/1,¢ satisfies the desired estimate.

Now we consider the case that, for some vertex v;, any face containing v; at least contains
another vertex v; (i # [). Let F; denote such a face that contains both v; and v;. For this
face F; and the vertex v;, we define a function ¢y, as in the proof of Lemma@ and define a
functional F; in the above way. For the vertex v;, define a functional F; by F;vy, = ¢or, (ti),
where ¢; is the arc-length of the vertex v;. Then the extension val of ¢pr, vanishes at all
the vertices vy, ---,V,, if v satisfies the constraints F;v; = F;vy, = 0. We can define a
function Cpr, as in the proof of Lemma such that Cpp, vanishes at both v; and v; and
satisfies some constraints. We point out that, if the face F; contains more than two vertices
in vq,---,Vpy, the number of the degrees of freedom of Csr, may be not enough to satisfy
all the constraints in the proof of Lemma In this case, we have to choose an auxiliary
node v;s at a suitable position of OF and add three degrees of freedom of Cyr, at v,. With
the zero extension CN’VZ of Cor,, we define Vv, = vy, — (Vg?)vl + rhévl). Then we have
Vv, - tor, = 0 on OF;. Thus we can use Lemma 4.1 to build a decomposition of v, vy, and
we further get the desired decomposition of vy, as in the proof of Lemma [£.3] i

Remark 4.4 In the proofs of Lemma[{.1FLemmal[{.7, our main ideas are to transform the
problem for vanishing on a vertex Vv or an edge E into the problem to vanish on a face F
of G and then to use the reqular Helmholtz decompositions given in Lemma 3.1, which can
preserve zero trace on this face.

Remark 4.5 In the previous results, a vertex is essential different from an edge. This
phenomenon can be intuitively explained as follows: the value of an edge finite element
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function vy, at a vertex is not uniquely defined, but the two nodal finite element functions
defined by the Helmholtz decomposition of vy are required to vanish at the vertex. Thus
there is a gap between vy, and the nodal finite element functions, which needs to be filled by
a constraint of vy,.

Notice that, in all the previous Lemmas, a connected union of several edges on one face
has no essential difference from an edge. For simplicity of exposition, an “edge” is always
understood as an “edge” or a “connected union of edges on one face” in the rest of this
paper.

By using Lemma .4} Lemma [£.7] we can easily prove the following main result

Theorem 4.1 LetT be a (may be non-connected) union of some vertices, edges and faces of
G. Assume that the vector-valued function vy, € Vi,(G) has zero degree of freedom Ae(vy) = 0
for all e C T'. Then, for each vertex v € T, there exists a functional Fy defined on Vi (G)
such that, if vy, satisfies all the constraints Fyvy = 0 (Yv € T'), the function vy, admits a
decomposition

v, = Vo, +rpwy, + Ry,

for some py, € Zn(G), wi, € (Zn(G))? and Ry, € Vi (G) such that p, =0 and wy, =0 on T,
and Ae(Ryp,) = 0 for all e CT'. Moreover, we have

IwWhallic < log(1/h)|curlvilloq, prlhie S log(1/h)[[Valleur,c (4.49)

and
lleRhHo’G S log(1/h)||curl vy ||o.G- (4.50)

In particular, when there is no vertex in I', the additional constraints are unnecessary.

f

Remark 4.6 Notice that the second estimate in is different from that in . In
fact, if T indeed contains an edge or a vertex, then the L? stability in seems not valid
yet.

5 Regular Helmholtz decompositions on some non-Lipchitz
domains

In this section we try to extend some results in the previous section to non-Lipchitz domains.
Let G1 and G2 be two intersecting convex polyhedra, and set G = G1 U Go. We consider
two particular cases: (1) the intersection G N JGy is just the common edge of G and Go;
(2) the intersection 0G1 N OGy is just the common vertex of G; and Gs. For the two cases,
G is not a Lipchitz domain.

The following two theorems can be viewed as extensions of Lemma 3.1 to the case of
non-Lipchitz domains.

Theorem 5.1 Let G be defined above, with G1 N Gy being the common edge of G1 and G,
and let T be a union of some faces of G1 and Go. Assume that the vector-valued function
v, € Vi(G) satisfies v, x n =0 on ', then v, admits a decomposition

vy, = Vpp +rpwy + Ry, (5.1)
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for some py, € Zn(G), wi, € (Zn(G))? and Ry, € Vi (G) such that p, =0 and wy, =0 on T,
and R, xn =0 onI'. Moreover, we have

[whll1.c < log(1/h)|lcurlvilloc,  llpnllie S log(1/h)1Vhllcurc (5:2)

and
W Ry llo.e < log(L/h)|curl vy o.g- (5.3)

In particular, when G1NGo C T'NOG; fori = 1,2, the logarithm factor in the above estimates
can be dropped.

Proof. For convenience, set E = G1 NG and I'; = TNIG; (i = 1,2). We prove the theorem
according to three different position relations between E and I'; (i = 1,2).

(i) E C T'; for i = 1,2. We use Lemma 3.1 to build a decomposition of v;|¢, independently
for : = 1,2. Then the resulting functions p,; and wy,; vanish on I'; and so they also vanish
on E. Thus we can directly extend pj ; and wy, ; into another domain by zero to get the global
extension of v, on G. In this case, there is no logarithm factor in the stability estimates.

(ii) E is contained in only one of I'y and T, for example, I';. We use Lemma 3.1 to
build a decomposition of vj|a,, but use Theorem 4.1 to get a decomposition of vj|g, with
I' = T2 UE (notice that vp|g, vanishes on I's and E since E C I'y C I'). Then the desired
decomposition can be built as in the above situation.

(iii) ENT; = 0 for i = 1,2. We first use Lemma 3.1 to build the decomposition of v;|a,

v =pp1+rewWp1+ Ry on Gy, (5.4)

with pp1 € Zx(G1) and wy 1 € (Z,(G1))? vanishing on Ty (and so Ry 1 x n = 0 on I'y).
Moreover, we have

IWhillic: S lleurlvyllogys [pnillie: S Ivalleurlc (5.5)

and
hHRaallo S lleurlvylog, - (5.6)

Notice that ps 1, wp1 and Ry, ; may be not vanish on E since ENT; = (. We extend py, 1,
wp,1 and Ry 1 into G such that the resulting extensions pn1 € Zn(G), Wp1 € (Zn(@))3
and Ry, 1 € Vj,(G) have zero degrees of freedom on the nodes or fine edges in G2\E. Define

V;; = vy — (ﬁh,l + I'hV~Vh,1 + Rh,l) on G. (5.7)
Then v}|qg, vanishes on I'y and E, and it admits the decomposition by Lemma
vy, = p}‘;z + rhw;kl’2 + R,’;2 on Go, (5.8)

with p} , € Z,(G2) and wj , € (Z,(G2))? vanishing on I'y and E. Moreover, we have

||W7'<L,2”LG2 g chrl V;L 0,G2; sz’z 1,G2 SJ Hv;kz||curl,G2 (5'9)

and
R slloe, S lleurlvilloq,- (5.10)

We extend pj ,, w; , and Rj 5 into G1 by zero. Since these functions vanish on E, the

resulting extensions pj, ,, W} 5 and f{;“ﬂ satisfy pj, o € Zn(G), W} 5 € (Zh(@))3 and RZQ €
Vi(G). Define

Ph = Dh1 + DPho Wn=Wp1+ W,y and Ry =Rp1+Rj .
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Then the decomposition follows by and .

In an analogous way with Step 2 in the proof of Theorem 3.1, we can verify the estimates
and by using — and —, combining the “edge” lemma in [31]. 4

When G1 NGy is just the common vertex v of G1 and Go, it becomes more complicated
to study Helmholtz decomposition of vj, on G = G1 UG5. Let I' be a union of some faces of
G1 and Ga, and vy, has zero tangential trace on I'. We first consider a simple case: one of
the two sets I'; = 'N0G; (i = 1,2), for example I'y, is just the empty set, i.e., I' is a union
of some faces that are contained in 0Go and do not contain v. For this case, the results can
be built as in the case (iii) of the proof of Theorem 5.1: we first use Lemma 3.1 to define a
decomposition of vp|q,, then we extend the resulting functions into G, and we further use
Lemma 4.3 to define a decomposition of the remainder of v;, on Gj.

In the following, we consider the case with I'; # () (i = 1,2) and v ¢ I'. For this case,
similar results with Theorem 5.1 can not be obtained except that some additional condition
on vy is met. Let F1 C 0G1 and Fy C dG5 denote two faces containing v. As in the proof
of Lemma [4.3] we define

1 l; t
CgFi = T / (Vh . taFi)(S) dS, gﬁgpi (t) = / (Vh . tapi — Capi)(s)ds + C;, Vt S [O, lz] s
1 J0 0

where [; is the length of OF; and ¢ = 0 (and ¢ = ;) corresponds the vertex v. For i = 1,2,
the constant ¢; are chosen such that vg,(¢gr,) = 0, where E; C OF; is an edge or a union of
some edges.

Theorem 5.2 Let G be a union of G1 and Ga, with G1 N Go being the common vertex Vv
of G1 and Ga, and let T' be a union of some faces of G1 and Ga such that v ¢ T'. Assume
that the vector-valued function vy, € Vi(G) satisfies vi, x n = 0 on I'. If the following
additional condition is met: there are two faces ¥; (C 0G;) (i = 1,2) containing V such that

¢apl(t$)) = ¢or, (tg)), where the function ¢gr, is defined above and the number tg) is the
arc-length coordinate corresponding to the point v € OF;, then vy, has a decomposition

Vi = Vpp +wp + Ry (5.11)
for some py, € Zn(GQ), wi € (Zn(G))? and Ry, € Vi, (G) such that p, = 0, w, = 0 and

R, xn=0 onI'. Moreover, we have

[Whll1,p < log(1/h)|curlvilloq, [pallia S log(l/h)|[valloa (5.12)

and
Ryl < log(1/h)|lcurl vyl (5.13)

Proof. Without loss of generality, we only consider the case with F; NT' =0 (i = 1,2). Asin
the proof of Lemma we define the extensions g?)g) and CN’\(/Z) of ¢pgr, and Cyp, respectively,
but define the values of ng) as zero at all the nodes in G; except on OF;. Set

\AIS)V = viplag, — (&g) + rhCN'\(;)) on G;.

Then we have )‘e({’g)\/) = 0 for any e C 0F; U (I' N 0G;) by the definitions of &Q}) and
C’g). Thus we can use Corollary 4.1 for \72)\, to build a decomposition of vj|g, and the
corresponding estimates by the condition yg,(¢sr,) = 0 (refer to the proof of Lemma [4.3).
Using the definitions of the functions py; and wy,; in the decomposition of v|g,, together
with the condition d)a];‘l(tg/l)) = gbaFQ(tg)), yields pp1 = pro and wp; = 0 at the vertex v.
Therefore, we can naturally define a decomposition of v; on the global G and obtain the
desired stability estimates. i
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Remark 5.1 The condition gbapl(tg)) = PoF, (tg)) in the above theorem seems absolutely
necessary (a counterexample can be constructed as in Remark 4.3). But, when v C T'N0G;
fori=1,2, the additional condition in Theorem 5.2 is unnecessary and the logarithm factor
m — can be dropped. In fact, we can use Lemma 3.1 to build a decomposition of
Vi|a, independently for i = 1,2, such that the resulting functions pp; and wp; vanish on
I'NOG; that contains V. Thus we can directly extend pp; and wy, ; into another domain by
zero to get the global extension of vy, on G and obtain the desired stability estimates.

We can also consider the case that G is a union of more polyhedrons. Let G1,Go, -+, Gy
be Lipchitz polyhedrons that may be non-convex, and let G be a union of G1,Ga, -+, G5
(then G is a non-Lipchitz domain) such that the intersection of any two polyhedrons in
G1,G2,- -, G5 is just the same vertex of them, i.e., G; N G; = V (a vertex) for i # j (of
course, G1 NGaN---NGs = V).

Theorem 5.3 Let G; (i = 1,---,s; s > 3) and G be defined above, and let I' denote a

union of some faces of G1,---,Gs. Assume that the vector-valued function vi, € Vi(G) has
the zero tangential trace vip x m = 0 on I'. Then there exist s — 1 functionals F; such that, if
vy, satisfies the constraints F;vy, =0 fori=1,---,s5—1, the function v}, admits a Helmholtz

decomposition like and the resulting functions satisfy the conditions and estimates in
Theorem 5.2.

Proof. Let F; be a face satisfying v € F; C 0G; and define a function ¢sr, as in Theorem
52 (i=1,---,s). We define the functional F; by

Fivh = ¢aF;,, (V) — Gor, (V) (i=1,---,5—1);

Then we can prove the desired results in an analogous way with the proof of Theorem
f

Remark 5.2 The theorems given in this section still hold if there are some edges in I.
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